Optimal control of Navier-Stokes equations using Lagrange-Galerkin methods by Fourestey, Gilles & Moubachir, Marwan
Optimal control of Navier-Stokes equations using
Lagrange-Galerkin methods
Gilles Fourestey, Marwan Moubachir
To cite this version:
Gilles Fourestey, Marwan Moubachir. Optimal control of Navier-Stokes equations using
Lagrange-Galerkin methods. RR-4609, INRIA. 2002. <inria-00071976>
HAL Id: inria-00071976
https://hal.inria.fr/inria-00071976
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
IS
SN
 0
24
9-
63
99
 
 
 
 
 
 
 
IS
RN
 IN
RI
A/
RR
--4
60
9-
-F
R+
EN
G
ap por t  

de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Optimal control of Navier-Stokes equations using
Lagrange-Galerkin methods
Gilles Fourestey — Marwan Moubachir
N° 4609
Octobre 2002
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65
 
		ﬁﬀﬂﬃ !#"$&%ﬃ(')ﬃ(*,+	-./'0+'/1
2 	1&	/1ﬃ3!546	ﬃ %ﬂ7
ﬃ8ﬂ9/'
:<;>=?=>@BA$CED#FGH@IAKJH@IL
∗ MONQP
GR
PTSUN
D#FV
PTWYX
;>G
†
Z []\^,_-`$acbedf^hg]ikjYlmdonIpq_l(nsrtlmdo^,dkuvjwlvdfnsp
x _uvyeuzlv\K^,_Ku({nI^,r]io_|t_Ku
}O~mnw_lﬁ
ﬁjsr]rŁnI~zl x _~m_K{[_~{[]_pT`Bssa {lmns]~m_&wsB-asrjwI_Ku
.KY ]¡ss¢
£p¤lm[]dfu,~m_rTns~vlK¥§¦3_<jw~m_/dope¨s_HulmdoBjYlmdop]©lv[]_<peg]^,_K~vdk{jsi jsr]r]~mnª|tdo^ﬂjYlmdonIpnw«-jwp¬nsrtlmd®­
^ﬂjsi¯{nIpIlm~vnIi(r]~mns]if_^°dope¨snIio¨edfp]±lv[]_©_¨snIiog]lvdfnspnw«&j²p]_¦ lmnsp]dkjwp³¨edkuv{nsgu,dfp{ns^,r]~m_Kumuzdf]if_´Łg]d
x
x
_Kum{~mdoT_
x
ey$lv[]_¯jª¨edf_~v­£bBlmnsµI_Ku_K¶BgjwlvdfnspuK·Z []dfu§}§¸¹ºuvytulm_^»dfu
x
dkuv{~v_lvdf¼_
x
gŁuzdfp]hj&ifnY¦ns~
x
_~
½
p]d®lm_(_if_^,_pBlOdfpﬂuzrjI{_({nIg]r]if_
x
¦(d®lm[¾j-¿jwI~mjsp]s_­£À-jsio_K~vµedfpuv{[_^,_«Áns~lv[_(p]nsp]ifdfp]_Kjs~Oj
x
¨I_K{lmdonIp
nIrŁ_K~mjwlvnI~K·Â±_&dopBlv~mn
x
g{_-j$«Ágioi
x
dfum{~m_lm_&iodfp]_Kjs~vdf¼_
x
um{[]_K^$_lm[jYlﬁdku(guv_
x
lvnﬂ{ns^,r]gtlm_-lv[]_I~mj
x
do­
_KpBl¯nw«Ejﬂsdf¨s_Kp<{nIuzl(«Ág]p{lvdfnsp<ey/_puvg]~mdop]ﬂdolmu¯{nspŁuzdkulm_p{ys· Ã¯uvdop¾s~j
x
df_pBl(jIuz_
x
nIrtlvdf^,do¼HjYlmdonIp
jsioIns~md®lm[]^ﬂu¥e¦_&jw~m_-js]if_lmn
x
_KjsiÄ¦(d®lm[/l¦3n´g]d
x
´nY¦Å{nspBlv~mnsi5r]~mnsio_K^,uÆ
Ç
·(¸¯~jw,~m_
x
gŁ{lvdfnspqjw~mnsgp
x
j$^,nY¨edop${yBifdfp
x
_~H¥
t·(jwp¾d
x
_KpIlmd
½
{jYlmdonIpns«5«Èjw~v­
½
_Ki
x
¨s_ifnt{dolygŁuzdfp]lm[]_µBpnY¦(io_
x
s_ﬁns«5lv[]_´g]d
x
ifnIj
x
nspj~m_K{ljwpt­
sg]ikjw~(iogtÉŁn
x
yI¥t«Áns~(Tnwlm[
½
|e_
x
jwp
x
^,nY¨Bdfp],{nIp
½
sg~mjwlvdfnspÄ·
Ê<ËBÌ#ÍmÎhÏ
YÐ.s¢
jª¨edo_K~z­bBlvnIµs_Hu§_H¶IgŁjYlvdfnspŁu¥]¿Ä¹º«Áns~m^hg]ikjYlmdonIpÄ¥tnsr]lvdf^,jsiÄ{nIpIlm~vnIi?¥]¿jwI~mjsp]s_­
À-jsio_K~vµedfp
∗ ÑÁÒ.ÓÄÑÕÔÖÈ×#Ô.ÑÁØ-Ô.ÒÙÚŁÒ.Û#×TÖÈ×5ÚŁÓØ-ÑÈ×ÄÜsÝKÞßﬁàáãâkäŁå.áãâãâãÞzæzç èYéêªëÈÞzæÈì>Þ£íªî.áãïªëÈáðàHç ñfë
† ò àówéë>àmì?éáãë?Þ×#Þïì?ë>àâtôHÞzæÛtéïì?æ.Þ£ì.×#õYàêªæ?æ>öÞævÝYÞßﬁàáãâkä]Ø&àëÁ÷ÄàïBç Ø-éêªóªàøùõªáãë>î.âãøzúwøç ñoë
  ﬃ &
	h9ﬃ('(*,+/	-h'09/ﬃ  	¯ﬀﬂﬃ Ä!5"$&%ﬃ(' /	&
+¾.'	- 9/ﬃ '8ﬁ
	' 9ﬃ ,±ﬃ 2 	1.	/1ﬃ3!54 	ﬃ .%,
	 
 	 ¢ ¸jwpu {_~jwr]rTns~vlK¥ep]nIgu§pnsgudfpIl~m_KumuznIpuhg]pr]~mns]if\^,_ x _{nspBlv~sif_¯nIrtlvdf^ﬂjwi#rTnsg]~
gp±uvytulm\^,_h´Łg]d x _ﬂ_pK{nIg]if_^,_pBl-dop{ns^,r]~m_Kumuzdf]if_ x K{~mdol-rŁjw~-io_HuK¶BgjYlmdonIpu x _ﬂ¯jª¨edf_~v­£bBlmnsµI_KuK·
3_uvytulm\^,_ x ¹§¸}0_Kuzl x dkuv{~lvdkuq_pgtlmdoifdkuvjspIlg]p]_<^lm[]n x _ x i^,_pBlu
½
p]dku x _<jIu x _Ks~
{nsg]riﬀK_ﬁg]p]_^ﬂlv[]n x _ x _ ¿jss~jwp]I_­À-jwif_~mµBdfprŁnIg]~if_3lv~jwdolv_^,_KpIl x _i  nsrﬃ~jYlm_g]~ x _ {nspe¨I_K{lmdonIp
pnspt­ùiodfpHjwdf~v_I· ﬁnIgu x K{~vdf¨snIpu¾gpÅum{[^ﬂjifdfpKjs~vdkulvnwljwif_^,_pBl x dkuv{~v_l/j
½
p x _²{jwik{gio_K~ x _
«Èj! nIp¤{nIpuzdkuzlmjwpBlm_if_/I~mj x df_pBl x g]p]_«ÁnspŁ{lvdfnspp]_ifio_ x _<{n!"tl,iod_#©ikjr[Bytuvdf¶Bg]_ x gºr]~mns]if\^,_s·
¯nsgu&lv~jwdolvnspŁu¥jwifns~u¥ x _g]|²jsr]r]ifdf{KjYlvdfnspŁu x _{nspBlv~sif_,_pp]nIguhjsr]r]g]yBjwpBluzg]~ x _KujwifsnI~vdolv[]^,_Hu
x$ nIrtlvdf^,dfumjYlmdonIp«ÁnIp x Ku(uvg]~(if_{jsif{g]i x gqs~j x df_pBl-Æ
Ç
·(% x g{lmdonIp x _&ifjlv~jwdfpK_-jsgtlvnIg]~ x g]p<uznIiod x _&{yeifdop x ~vdk¶Bg]_-_p/~vnslmjwlvdfnspÄ¥
t· g]pﬂr]~mns]if\^,_ x d x _pBlvd
½
{KjYlvdfnsp x _{nsp x d®lmdonIpuEjwg]|ifdo^,dolv_Ku§_p¾js^$nIpBl&-rŁjw~vlvdf~ x _(ikj&{nsppjwdku­
uvjsp{_ x _Hu(_É#ns~vlmu´Łg]d x _Ku(uvg]~(g]pqr]~mn
½
i5~m_K{lmjwpsg]ikjwdf~v_I¥e_pq{nsp
½
sg]~jYlmdonIp
½
|t_&nIg^,nsdoif_s·
' Ï
H
Í
¡)(
	
/¢
K¶Bgjwlvdfnspu
x
_¯jª¨edo_K~z­bBlmnsµs_Hu¥B«ÁnI~v^g]ifjwlvdfnspq¯¿¹ﬁ¥Ł{nspBlv~sif_-nsrtlmdo^ﬂjwi>¥]^lm[]n
x
_
x
_
¿jwI~mjsp]s_­£À-jsio_K~vµedfp
 
		ﬀﬁﬃﬂ! #"$%ﬁ&'ﬂ!()ﬂ*+	ﬃ(,+-(!/.10	.2	-.'ﬂ !3	4ﬂ&5
ﬂ6879;:<( =
  hh.ﬃ(h.'
>@?6A
K Ï Ð 
.¡w;B Ï
A C
D
'  ]ﬁE Ë ¤ tﬁB?¡s ( Ë KﬁB
AGF C
]·
Ç
3nIpBlvdfpBgnsgu({nIuzl«Ágp{lmdonIp/I~mj x df_pBl·&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
]·  À~j x do_KpIl(jIuz_ x nIrtlvdf^,do¼HjYlmdonIp/uzlv~jYlm_syq·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç

]· ]·
Ç
3nspYg]BjYlm_I~mj x df_pBl^,_lv[]n x ·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç

]· ]·  Hgjsuvd®­£ﬁ_K¦ lvnIpjwifsnI~vdolv[^,u6·&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
ÇIÇ
IKJ
E ËML  
F
Y 
AGF
ËsÍ6N  ( Ë <OPB
ARQ
¡<E Ë  ËTSùÏ ¾ﬁE ËMU  'VPB Ë  Í
Q
 Ï O Ë  Ë-W 
 ]ﬁB Ï
A

>-I
=
·
Ç
Z df^,_ x dkuv{~v_lvdkuvjwlvdfnsp·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç
=
=
·
Ç
·
Ç
£pIlm~vn x gŁ{lvdfnsp ·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç
=
=
·
Ç
·  Z do^,_uv_^,d®­ x dkuv{~v_lv_
½
~ul(ns~ x _K~ﬁ{[jw~js{lv_~mdkulmdf{Ku3um{[]_^,_ ·-·&·-·&·-·&·&··&·
Ç
=
=
·
Ç
·
=
Z do^,_uv_^,d®­ x dkuv{~v_lv_-uz_H{nIp x nI~ x _~({[jw~js{lv_K~vdkulmdf{Ku3um{[]_K^$_$·&·-·&·-·&·&··&·
Ç
`
=
·  btrjYlmdfjsiÄjwr]r]~mnª|tdo^ﬂjwlvdfnsp ·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç<X
=
· ]·
Ç
£pIlm~vn
x
gŁ{lvdfnsp ·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç<X
=
· ]·  Z []_-}
Ç
­ù]g]]io_Yª}
Ç
uvrjs{_-··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç

=
·
=
btrjYlmdfjsiÄjwr]r]~mnª|tdo^ﬂjwlvdfnspns«lm[]_{[js~mjI{lv_K~vdkuzlvdk{¯{g~v¨I_ ·&··&·-·&·&·-·&·-·&·-·&·&··&·
ÇZ
=
· ` HgŁj
x
~jYlmg]~v_~mg]io_Hu·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç

=
·
X
¹O|Blm_puvdfnsp/lvn$lv[_{jsuv_-nw«j,^$nY¨edfp]
x
ns^ﬂjwdfp ·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç

=
·
X
·
Ç
¯¿Ä¹º«ÁnI~v^g]ifjwlvdfnsp ·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Ç

=
·
X
·  ¸¯dkuv{~v_lvdf¼Kjwlvdfnsp³·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· s
[]\
BÈH¡w
Ë

Ë
(B
A
Ë
 tBﬃ^s ]ﬁB
Ï
A
 
A
Ð³ÐB?K¡s
Ë

Ë
¡
Ï

S


A
¡w;B
Ï
A_F
Y ]ÐGB
Ë
A

D`>
`Ł·
Ç
¿dop_Kjw~mdf¼_
x/x
dkuv{~v_lv_&uvyeuzlv_K^ ·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· I
`Ł·
Ç
·
Ç
¿Ädfp]_Kjs~vdf¼_
x
uvdo^,r]if_&js{µBlm~mjI{µBdfp] ·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· I
`Ł·
Ç
·  ¿Ädfp]_Kjs~vdf¼_
x
uvg]T{yt{ifdop]ﬂŁjs{µBlv~js{µedfp] ·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
=
`Ł·  ¿dop_Kjw~mdf¼_
x
j
x
jwrtljYlvdf¨s_jI{µIlm~mjI{µedop] ·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· w`
`Ł· ]·
Ç
w¸ {jIuz_ ·&·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
X
`Ł· ]· 
=
¸ {jIuz_ ·&·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
Z
`Ł·
=
£^,r]if_^,_KpIljYlmdonIp/gŁuzdfp],jw~myt{_KpIlm~vdk{{nens~
x
dfpjYlm_Ku±·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
Z
`Ł·
=
·
Ç
}O~vns_K{lvdfnsp/guzdfp],js~vyt{_KpBlv~mdf{{nens~
x
dfpjYlm_Ku·-·&··&·-·&·&·-·&·-·&·-·&·&··&· s
`Ł·
=
·  ¸¯_K~vdf¨YjYlvdf¨s_-ns«lv[_&r]~vns_K{lvdfnsp/guzdfp],js~vyt{_KpBlv~mdf{{nens~
x
dfpjYlm_Ku ·&·-·&·&··&·
=
Ç
`Ł·
=
·
=
iodfp]_Kjs~vdf¼Kjwlvdfnspnw«lm[]_
x
dkuv{~v_lv_&um{[]_^,_&dfpuzd
x
_&bt
=
·-·&·&·-·&·-·&·-·&·&··&·
=

`Ł· ` ¸dkuv{~v_lv_&ifdop]_Hjw~mdo¼K_
x
uzytuzlv_^ ·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=
`
ab?
dc(
Ë

Ë
A
H tﬁB
Ï
A I$e
X
·
Ç
¯nsp]ifdfp]_Kjs~ﬁjwp
x
iodfp]_Hjw~mdo¼K_
x
¯jª¨edo_K~z­bBlmnsµs_Hu3uvnsif¨s_K~mu¯·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=

X
·
Ç
·
Ç
be
=
·&·-·&·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=

X
·
Ç
·  ¿À-btzfEb ·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=
Z
X
·  r]lvdf^$df¼Kjwlvdfnsp/~vnIgtlvdfp]_Hu ·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=
Z
X
·
=
}Ejs~mjsioif_i
x
df~m_K{l(^,n
x
_uzlv~jYlv_Ksy ·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=

ÓÓ ïg9h6i!j!k
`3 4ﬂ6(

+ ﬂ6(!#ﬂ 		 	
 +	27-
eK\
BÈH¡w Ë  Ë
F
Y ]ÐGB Ë
A
ﬂ¡ Ï  c
K ]ﬁB Ï
A I
·
Ç
jIuz_-ns«}nsdkuz_Kg]dfioif_-´nY¦ ·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=

·
Ç
·
Ç
fifnY¦ lm~mjI{µedop],{nIpBlv~mnsi#r]~mns]if_^ ·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=

·
Ç
·  ¸¯_K~vdf¨YjYlvdf¨s_&{[]_H{µedop]/Ælv[_&dopBlv_K~muv_K{lvdfnspqjwifsnI~vdolv[]^0{Kjsuv_ ·-·&·-·&·-·&·&··&·6`B
·
Ç
·
=
bedo^,r]if_{nIpBlv~mnsiTlv_Hul¯{Kjsuv_ ··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`e
·
Ç
· ` x _~mdo¨Yjwlvdf¨s_-{[]_K{µedfp]qÆO{jsuv_nw«.lv[]_uvg]#{yt{ifdop$Łjs{µBlv~js{µedfp]hr]~mnt{_ x g]~m_/·&·6`I`
·  Z [_ x ~vdf¨s_Kp/{Kjª¨ed®ly·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`
X
· ]·
Ç
¸¯_
½
p]dolvdfnspqnw«.lv[]_-r]~mnsio_K^ ·&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`
X
· ]·  ﬁnsp]­ x doÉ#_~m_pBlvdkjw]dfifd®ly,dfioifguzlv~jYlvdfnsp,«ÁnI~§lm[]_-j x jsrtlmjwlvdf¨s_¯Łjs{µBlv~js{µedfp]uv{[_^,_¤`
X
· ]·
=
¸¯dkuv{~v_lv_-s~j x do_KpIl({nIpuvdfuzlv_Kp{y¾gŁuzdfp]$lv[]_uvg]#{yt{ifdfp],js{µBlv~js{µedfp]jsioInw­
~vdolv[]^ ·-·&·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`B
· ]· ` £pt´g]_Kp{_&ns«lv[_uzr]ifdolzlvdfp]ﬂrjs~mjs^,_lv_K~ﬁ·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
X]Ç
· ]·
X
be_K{nsp x ns~ x _~(¿.À um{[]_^,_&jwp x dfpBlv_I~mjwlvdfnsp/~vgio_·&·-·&·&·-·&·-·&·-·&·&··&·
X
`
Cb\
Y 
F
 Ë Ð 
.¡w;B Ï
A
 ] Ï 

A
Ð   Ï H tﬁB
AF
¡ Ì (ﬃB
A
Ð Ë 
ae
Z
·
Ç
3nIpBlv~mnsi#r]~mns]if_^ uv_lvlvdfp]
·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
X

Z
·  jIuz_-ns«.jﬂuvdop]Iio_-[js~v^,nIp]df{jwpsg]ikjw~ ¨s_Kiont{d®lyU·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
X/Z
Z
· ]·
Ç
3nspBlvdfpeg]nsgunIrtlvdf^ﬂjwi{nspBlv~mnsi ·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
X/Z
Z
· ]·  ﬁg]^,_~mdk{jwi5_|trŁ_K~vdf^,_pBlmu¯·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
X

Z
·
=
jIuz_-ns«.uv_¨s_K~mjsi#[jw~m^,nsp]dk{u)·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· I
K?
Ð
Ë
A
ﬁB.¡I tﬁB
Ï
A
Ï SS
 t
Í

Ë
(ÈÐ
Ï


A
Ð. t
Ì
¡
Ï
A
ÐBÈﬁB
Ï
A

S

Ï


B?Ð (
Ï
 ]Ð.
Ï
A
( 
Å
Ï
ÐGB
Ë

eP>
·
Ç
}§~vnI]io_K^)uv_lvlvdfp]Iu6·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· B
·  Z [_&~v_H{lmjsp]sgifjs~{yBifdfp
x
_~·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· s`
·
= 
jw~m^,nsp]dk{rŁ_K~zlmg]~vŁjYlvdfnsp/nw«lv[]_&dfpt´nY¦Å¨s_Kiont{doly ·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
X
· ` btyBpBlm[]_lmdf{-ifnIj
x
·-·&·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· I
·
X
¯~vd®lm~mjs~vyﬂ[js~v^,nIp]df{ifnIj
x
u
·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
Z
K?
Ð
Ë
A
ﬁB.¡I tﬁB
Ï
A
Ï SS
 t
Í

Ë
(ÈÐ
Ï


A
Ð. t
Ì
¡
Ï
A
ÐBÈﬁB
Ï
A

S

Ï


B?Ð (
Ï
 ]Ð.
Ï
A

Ï
VPB
AGF
( 
Q
Ï
ÐGB
Ë

e
·
Ç
}§~vnI]io_K^)uv_lvlvdfp]Iu6·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· I
·  _Kuv[/^,nY¨I_^,_pBl(jwifsns~mdolv[]^·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z

·
=
¸dkuv{~v_lv_&s~j
x
do_KpIl({nIpuvdfuzlv_Kp{y ·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z
=
· `

jw~m^,nsp]dk{rŁ_K~zlmg]~vŁjYlvdfnsp/nw«lv[]_&dfpt´nY¦Å¨s_Kiont{doly ·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z'Z
>
Ï
A
¡!( 
.ﬁB
Ï
A $I
ÑÁÒ.ÓÄÑÕÔ
 
		ﬀﬁﬃﬂ! #"$%ﬁ&'ﬂ!()ﬂ*+	ﬃ(,+-(!/.10	.2	-.'ﬂ !3	4ﬂ&5
ﬂ6879;:<(
X
2 'Ä  ¬1+ﬃ('
Ç
s¸ r]~mnw_H{lvdfnsp/jwifnsp]ﬂj$sdf¨s_Kp¨I_K{lmns~ ·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
X
 }§~vns_K{lmdonIpnIplm[]_&_ x s_-nw«Ejlv~mdfjsp]sif_·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· s
= =
¸ r]~mnw_H{lvdfnsp·-·&·&·-·&·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
Z
` }§~vns_K{lmdonIpnIplm[]_&_ x s_-nw«Ejlv_lm~mjs[]_ x ~vnIp ·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· s
X
r]lvdf^$df¼Kjwlvdfnsplvnensiulm~vg{lvg]~m_ ·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=
Z
 }Ejs~mjsioif_iÄuzlv~jYlm_sy,«ÁnI~ lv[]_&I~mj x df_pBl {ns^,r]gtljYlmdonIp·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
=

Z
}nIdfuv_g]dfifio_ f.ionY¦ x ns^ﬂjsdop²·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`
Ç
 f.df~muzlﬁns~ x _K~ {nspe¨s_K~vI_p{_¯ns«lv[_
½
p]dolv_ x doÉT_K~v_Kp{_&I~mj x df_pBl3«ÁnI~ lv[]_&}nIdfuv_g]dfifio_ f.ionY¦ `
Ç
 r]lvdf^$df¼Kjwlvdfnsp/r]~mne{_Kumu«Áns~ lm[]_&}nsdkuz_Kg]doifif_´ŁnY¦&·¯·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`
=
Ç
 Z~js{µedop${nIuzl«Ágp{lmdonIp x _K{~m_KjIuz_«Áns~ lm[]_&}nsdkuz_Kg]dfioif_´nY¦&··-·&·&·-·&·-·&·-·&·&··&·6`
=
ÇIÇ
f.df~muzljwp x uz_H{nsp x nI~ x _~¾uvg]T{yt{ifdop]Łjs{µBlv~js{µedfp]Iu$uv{[_^,_<s~j x df_pBl{[]_H{µedop]
¦(dolv[/lm[]_-lv[]_Kns~m_lmdf{KjwiÄuvionIrŁ_«Áns~ lm[]_&}nsdkuz_Kg]dfioif_´nY¦ ·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`I`
Ç
 f.df~muzlOns~ x _K~¿jwI~mjsp]s_­£À-jsio_K~vµedfpuv{[]_K^,_ jsr]r]ifdo_ x lvn-lv[_ x ~vdf¨s_Kp${Kjª¨ed®ly&´ŁnY¦­À~jY­
x do_KpIl¯{nspuvdkulm_p{y{[]_K{µedfp]$¦(d®lm[qbe
=
·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`B
Ç
=
f.df~muzl§nI~
x
_K~§jwp
x
uz_H{nIp
x
ns~
x
_~§¿jwI~mjsp]s_­£À-jsio_K~vµedfpum{[]_^,_¯jsr]r]ifdo_
x
lvn&lm[]_
x
~mdf¨s_p
{Kjª¨ed®lyﬂ´ŁnY¦³­À~j
x
df_pBlﬁ{[]_K{µedfp] ··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`
Z
Ç
`
l2
pns~m^0nw«lv[]_
x
~mdf¨s_pq{jª¨edolyjYlﬁuzlv_Hj
x
yuzlmjwlv_ ·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·6`B
Ç<X
l2
pns~m^0nw«lv[]_&ifdop_Kjw~mdf¼_
x/x
~mdo¨I_pq{jª¨edoly¾jYl¯uzlv_Kj
x
yuzlmjwlv_ ·-·&·&·-·&·-·&·-·&·&··&·6`B
Ç
 btr]iodolzlmdopﬂrjw~jw^,_lm_~ _¾{do_Kp{y«Áns~ lv[_uz_H{nsp
x
nI~
x
_K~(¿À uv{[]_K^,_¦(dolv[
∆t = 0.2
X

ÇZ
btr]iodolzlmdopﬂrjw~jw^,_lm_~ _¾{do_Kp{y«Áns~ lv[_uz_H{nsp
x
nI~
x
_K~(¿À uv{[]_K^,_¦(dolv[
∆t = 0.05
X
=
Ç
 3nI^,r]gtlmjwlvdfnspjsi5^,_Kuv[qjs~vnIg]p
x
lv[]_{yBifdfp
x
_~7·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
X

Ç

=
¸{nIpBlvnsg~rionslﬁnw«lm[]_{nBul «Ág]pŁ{lvdfnsp
j(ρ, Se)
·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· I
s s¸{nIpBlvnsg~rionslﬁnw«lm[]_{nBul «Ág]pŁ{lvdfnsp
j(ρ, Se)
·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
Ç

Ç
¸~jw,_¨Insifgtlvdfnsp«Áns~
x
doÉT_K~v_KpBl¯{nspBlm~vnIiTrŁjw~jw^,_lm_~u ·-·&··&·-·&·&·-·&·-·&·-·&·&··&· B
I ¿d®«Õlﬁ_K¨snIiogtlmdonIp«ÁnI~
x
doÉT_K~v_KpIl¯{nspBlv~mnsi#rjs~mjs^,_lv_K~mu ·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
=

= 
nI~zlm_|uv[]_
x]x
dfp],dop/lv[_&g]p{nIpBlv~mnsifio_
x
{Kjsuv_·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
=
w`

nI~zlm_|uv[]_
x]x
dfp],dop/lv[_&nsrtlmdo^ﬂjwi{nspBlm~vnIioif_
x
{jsuv_ ·-·&··&·-·&·&·-·&·-·&·-·&·&··&· 
=

X
r]lvdf^$df¼Kjwlvdfnsp/rjw~jw^,_lv_~u_¨Insifgtlvdfnsp ·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· s`
s r]lvdf^,jsi¸~mjshlmdo^,_&_¨Insifgtlvdfnsp­
=
[jw~m^,nsp]dk{u({Kjsuv_ ·&··&·-·&·&·-·&·-·&·-·&·&··&· 
X

Z
_Kjwp
x
~jw,_¨Insifgtlvdfnsp]­
=
[js~v^,nIp]df{Ku {jsuv_ ·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· I
s 3nBul «Ág]pŁ{lvdfnspqI~mj
x
do_KpBl
x
_K{~m_KjIuz_­
=
[jw~m^,nsp]dk{u({Kjsuv_6··&·-·&·&·-·&·-·&·-·&·&··&· 
Z
s ¿d®«Õl¯jsp
xqx
~jw«Áns~ lv[_(`,~v_H{lmjsp]sgifjs~ {yeiodfp
x
_K~ ·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&· I
=
 }§~v_Huvuvg]~m_r~vn
½
io_«ÁnI~ lv[]_(`,~m_K{lmjwpsg]ikjw~ {yeifdop
x
_~ ·-·&··&·-·&·&·-·&·-·&·-·&·&··&· I
=
Ç
3nIpBlv~mnsi#rjw~jw^,_lv_~u
x
g]~mdop$nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kru·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z

=
 ¸~jw,[]dkulmns~my,­§dopd®lmdfjsiÄsg]_Huvu jsp
x
½
pjwiÄ{nspBlv~mnsi/·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
ZtÇ
='=
À~j
x
do_KpIl
x
_H{~m_KjIuz_
x
g]~mdop$nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kru<·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z

=
` ¿d®«Õlﬁ[dfuzlvnI~vyﬂ­Odfp]dolvdkjwiÄIg]_Kumu(jwp
x
½
pŁjwi{nspBlv~mnsi·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z
=
=
X
3nIpBlv~mnsi#rjw~jw^,_lv_~u
x
g]~mdop$nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kru·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z
`
=
 3nBul «Ág]pŁ{lvdfnsp
x
_H{~m_KjIuz_
x
g]~mdopﬂnsrtlmdo^,df¼KjYlmdonIp/uzlv_Kru)·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z2X
=
Z
À~j
x
do_KpIl
x
_H{~m_KjIuz_
x
g]~mdop$nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kru<·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z

=
 _Kuv[/¨I_~vlvdk{_Hu3rTnIuvdolvdfnspqjYl(l IuÁif_«Õl
	(jwp
x
t = 16s
Á~mdoI[Il
	·&·-·&··&·-·&·&·-·&·
Z2Z
ÓÓ ïg9h6i!j!k
3 4ﬂ6(

+ ﬂ6(!#ﬂ 		 	
 +	27-
=
 f.df~muzljsp x uv_K{nIp x ns~ x _~¿jwI~mjsp]s_­£À-jsio_K~vµedfpum{[]_^,_hjsr]r]ifdo_ x lvnlv[]_^,nY¨edfp](`
r~vn
½
io_­3À~j x df_pBl lv_Hul·-·&·-·&·&··&·-·&·-·&·&·-·&·-·&··&·-·&·&·-·&·-·&·-·&·&··&·
Z

`B ¯^,r]iodolvg x _h{nIpBlv~mnsi#rjw~jw^,_lv_~ x g~vdfp]$lv[]_&nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kru ·-·&·-·&·-·&·&··&·
Z

`
Ç
f~v_H¶Bg]_p{y{nIpBlv~mnsi#rjw~jw^,_lv_~ x g~vdfp]$lv[]_&nIrtlvdf^,do¼HjYlmdonIpquzlv_Kru ·-·&·-·&·-·&·&··&· I
`e 3nBul «Ág]pŁ{lvdfnspqT_[jª¨edfnsg]~ x g]~vdfp]$lv[_&nsrtlmdo^,df¼KjYlmdonIp/uzlv_Kru·-·&·&·-·&·-·&·-·&·&··&· 
Ç
`
=
À~j x do_KpIl(ns«lm[]_{nBul «Ág]p{lvdfnspqT_[jª¨edfnsg]~ x g]~mdfp]$lv[]_&nIrtlvdf^,do¼HjYlvdfnspquzlv_rŁu
·&··&· B
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  
ﬂ9/+§
£plv[_ikjsuzl l¦3n x _H{j x _KuK¥Ilm[]_-peg]^hT_~(ns«.uzlvg x df_Ku({nsp{_~mp]dfp]hnIrtlvdf^ﬂjwiÄ{nIpBlv~mnsi#r]~mns]if_^ «ÁnI~3´Łg]d x
^,_H{[jwp]dk{u¾[jsu¶Igdf{µeify¤dfp{~m_KjIuz_ x · plm[]_<lm[]_nI~v_lvdk{jwirŁnIdopBlns«&¨Bdf_¦&¥ﬁuvdfsp]d
½
{jspBlj x ¨YjwpŁ{_Ku
[Łjª¨s_,Ł_K_p~m_Kjsiodf¼_ x dfp²lv[_ x _~mdf¨ªjwlvdfnsp²nw«(nIrtlvdf^ﬂjwifd®ly±uzytuzlv_^ﬂu
Ç
¥
Ç
ns~dfp²lv[_{nIpIlm~vnIioikjwdoifd®ly
r~vnIrŁ_K~zlmdo_Hu¯dfpe¨s_KuzlvdfIjwlvdfnsp
ÇsÇ
¥
=
t¥
Ç
`>·hÂ³d®lm[lm[]_,dopŁ{~m_Kjsuvdfp]rTnY¦3_K~ns«3{nI^,r]gtlvdfp]<{jsrjwdoifd®lmdo_Hu¥
peg]^Ł_K~muﬁnw«Opeg]^,_~mdf{Kjwiuzlvg x do_Huﬁ[jª¨I_&Ł_K_p©{nsp x g{lm_ x 
=
e¥Ł`¥Tw`]¥Tst¥5wù·(<nIuzl¯nw«lm[]_Kuv_h¦ns~mµtu
dfpe¨snIio¨I_
½
p]d®lm_ x doÉT_K~v_Kp{_hum{[]_K^$_Hu«Áns~(lm[]_&lmdo^,_ x dkum{~m_lvdf¼Kjwlvdfnsp/nw«.lv[]_¯jª¨edo_K~z­bBlmnsµs_Hu uzytuzlv_^q·3£p
lm[]dku.js~zlmdf{io_I¥Y¦3_r]~mnsrTnIuv_Olmn x dfum{~m_lmdo¼K_Olv[_pnsp]ifdop_Kjw~v­£j x ¨I_K{lmdonIp&nsrT_~jYlmns~dfpe¨snIio¨I_ x dfphlm[]_ ¯jª¨edo_K~z­
belvnsµI_Kuﬁuvytulm_^6guvdopﬂlv[]_${[jw~js{lv_K~vdkulmdf{^,_lm[]n x dfpIlm~vn x gŁ{_ x ey
=
>·Z []dfu¯^,_lv[n x dfu¯jsuv_ x nIp
lm[]_ {ns^,r]g]lmjYlmdonIpnw«T{[jw~js{lv_~mdkulmdf{rjwlv[u.dfphnI~ x _K~Älmnjsr]r]~mnª|edf^ﬂjYlm_Elv[]_^ﬂjYlm_~mdfjsislmdo^,_ x _~mdo¨Yjwlvdf¨s_s·
Z [_guv_nw«lv[dfujwifsnI~vdolv[]^	 .dfpBlv~mn x g{_HuﬁuznI^,_&lv_H{[]p]dk{jwi x d ﬂ{g]iolvdf_Ku¯j x]x ~m_Kumuz_ x dop<lm[]dkuﬁrjsrŁ_K~K·
pŁ{_¾lm[]_ x dfum{~m_lm_ifdop_Kjw~mdf¼_ x uzytuzlv_^ dku_Kuzlmjwiodkuz[_ x ¥Odolmu$uvnsifgtlvdfnsp¬_pBlv_K~muhlv[]_q{nI^,r]gtlmjwlvdfnspns«
{nIuzlO«Ág]p{lvdfnsp¾I~mj x df_pBlmuEdfpe¨snIio¨I_ x dop,lm[]_¯nIrtlvdf^,do¼HjYlmdonIpﬂionensrﬂ¦([df{[ﬂ^,dfp]do^,df¼_Hu3j&Ido¨I_pﬂnIt_K{lvdf¨s_s·
Z¦n x d®É#_~m_pBlﬁjwr]riodk{jwlvdfnspu(js~v_-j x]x ~v_Huvuv_ x Æ


p]_,{nspŁ{_~mp]dfp]ﬂlm[]_
x
~mjs~m_
x
g{lvdfnsp©js~vnIg]p
x
j~vnslmjwlvdfp]{do~{g]ikjw~{yeifdop
x
~vdk{jsiTn
x
y<guvdop]
d®luOjwpsg]ikjw~E¨I_ifne{d®lyI·Z []dkuEr]~mnsio_K^[jsuT__Kp¾jwif~v_Hj
x
y-lm~v_HjYlm_
x
By$uz_K¨s_K~mjsiejsgtlv[ns~u st¥Iw>·
g]~InIjwiEdku&^ﬂjwdfp]ifylmn<¨ªjsiod
x
jwlv_ﬂnsg~jwr]r]~mnIjI{[ey±jwpjsioytuvdop]/dolmuhjs]dfiodoly©ns«
x
_Hjwifdop/¦(dolv[
p]nsp]­?lm~vdf¨edfjsiÄ{nspBlm~vnIiTr~vnI]io_K^0T_p{[]^ﬂjs~vµtuK·


Â_ﬁjsifuvn
x
_Kjsit¦(d®lm[$jspd
x
_pBlmd
½
{KjYlmdonIpr]~mnsio_K^ lv[jwlE^,jªyh_pBlv_K~jsp$js_~mne_ikjsuzlvdk{§uzlmjwdoifd®lylvnensi
x
_Kum{~mdfŁ_
x
dfp
=
`>·ùl&{nspuvdkuludfplv~myBdfp]lvn/d
x
_pBlvdo«Áy<«Èjw~v­
½
_i
x
Tnsg]p
x
jw~my{nIp
x
dolvdfnspu«Á~mns^
lv[]_hµBpnY¦(io_
x
s_&ns«´gd
x
ifnIj
x
ulvdf^,_[]dkulmns~mynIpj,sdf¨s_pq]ifgtÉ±Łn
x
y/dop
½
|e_
x
ns~ﬁr~v_Huv{~vdfŁ_
x
^,nY¨Bdfp]&{nIp
½
Ig]~mjwlvdfnspÄ·Z []_
½
pjsijwr]riodk{jwlvdfnsp,uz[]nIg]i
x
T_ lv[]_ﬁjs_~mne_ikjsuzlvdk{3uzlmjs]doifdolyhjwpjsioytuvdfu
nw«E{df¨edoi5_Kp]sdfp]__K~vdfp]ﬂuvg]rŁ_K~z­£uzlv~mg{lmg]~v_Hu
=
t¥Łe¥
Ç
ù·
 
	-8/ﬃﬁ
	-	'ﬃÄ/1
¿_lgu-{nspŁuzd
x
_~jﬂ´gd
x
dfpuvd
x
_$j
½
|t_
xx
nI^ﬂjwdfp
Ω
¦(d®lm[©Tnsg]p
x
jw~my
∂Ω = Γc ∪ Γs ∪ Γin ∪ Γout
·
ùldfu
x
dkuv{~vdfŁ_
x
eydolmu¯¨s_ifnt{doly/jsp
x
dolmuﬁr~v_Huvuvg]~m_
(u, p)
uznIiogtlmdonIpqnw«Elv[_&«ÁnsifionY¦(dfp]¾jª¨Bdf_~v­bBlvnIµs_Ku
uvytulm_^q¥


∂tu +∇u · u− ν∆u +∇p = 0, Ω
div(u) = 0, Ω
u = g, Γc
u = 0, Γs
σ(u, p) · n = 0, Γout
u = u∞, Γin
u(t = 0) = u0, Ω

Ç
	
¦([_~m_
ν
uzlmjsp
x
u«Áns~ lm[]_&µedop_^ﬂjYlmdf{¨edfum{nBuzdolyjsp
x
u∞
dku lm[]_-«Èjw~
½
_i
x
¨s_ifnt{dolys·EZ []_¶BgjspIlmd®ly
σ(u, p) = −p I+ν(∇u +∇T u)
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uzlmjsp x u«ÁnI~ lv[]_-´gd x uzlv~m_Kumulv_pŁuznI~dfpuvd x _
Ω
¥]¦(d®lm[
(∇u)ij = ∂jui = ui,j
·
Z [_jwdf^ nw«&lm[]dkurŁjwrT_~/dfulvnº{nspBlm~vnIiﬁlv[_T_[jª¨edfnsg]~nw«lm[]_´g]d x lv~mnsgs[lv[_±{nspBlv~mnsi
g
nIp
Γc
¥ ey^,dfp]do^,df¼dfp]j±sdf¨s_Kp¬{nBul,«Ág]pŁ{lvdfnsp
J
x _rT_p x dop]nIp¤lm[]_{nIpBlv~mnsi
g
jwp x nsp¬lv[_uljYlv_
uvnsifgtlmdonIp
(u(g), p(g))
·ﬁZ []dku{nIuzlﬁ«Ág]p{lvdfnsp^ﬂjªy~v_Kr]~v_Huz_KpBl¯j¾sdf¨s_Kpqnst_H{lvdf¨s_h~v_Kifjwlv_ x lmnuvrŁ_H{d
½
{
{[Łjw~js{lm_~mdfuzlvdk{«Á_Kjwlvg]~m_Ku¯nw«lv[]_h´g]d x ´nY¦ Á_I· ¾lv[]_ x ~mjsﬂnspjﬂIdo¨I_puvg]~v«Èjs{_I¥]lm[]_¨snI~zlmdf{d®lyio_K¨s_Ki?¥
lm[]_ x dkuljwp{_lvnﬂj,sdf¨s_Kp¾lmjs~vI_l
	·

_Kp{_&¦_&jw~m_dfpBlv_K~v_Hulm_ x dop<uvnsif¨Bdfp]lv[]_-«ÁnIioifnY¦(dfp],r]~vnI]if_^q¥
min
g∈Uad
J(u(g), p(g))
? 	
¦([_~m_
(u(g), p(g))
umjYlmdfu
½
_Hu§lm[]_¯jª¨edf_~v­£belvnsµI_Kuuzytuzlv_K^ 
Ç
	jsumuznt{dkjYlm_ x lvn,lv[_{nspBlm~vnIi
g ∈ Uad
·
£p/lm[]_&jwr]r]ifdk{jYlmdonIpuK¥t¦3_&uv[jwifi x _KjsiÄ¦(dolv[qrjw~vlvdk{gifjs~ {nIuzl «Ág]p{lmdonIpu(ns«lv[_-«ÁnsifionY¦(dfp]$lyerŁ_I¥


Z []_q{nIuzlhlmnnY¨I_~{nI^$_,lm[]_ x ~mjs©nIplv[]_quvnsifd x dfpBlv_K~z«ÈjI{_nI~hlmn©lm~mjI{µ±jsdf¨s_Kp²´g]d x ifnIj x
lmjs~vI_lK¥
J(u, p) =
∫ T
0
∣∣∣∣
(∫
Γs
σ(u, p) · n d Γ
)
· e1 − Fd(t)
∣∣∣∣
2
d t

=
	


Z []_&^,_Kjsp/um¶Bgjw~m_-¨ªjsiog_lmnﬂj,sdf¨s_plmjs~vI_lK¥
J(u, p) =
∫ T
0
∫
Γout
(u− ud)
2 d Ω d t
È` 	
¸df~vdk{[]if_l3Tnsgp
x
jw~myﬂ{nIpIlm~vnIi]«ÁnI~§lm[]_jª¨edo_K~z­bBlvnIµs_HuOuzytuzlv_K^»[Łjsu3Ł_K_pj
x]x
~m_Kumuz_
x
nspﬂlm[]_lv[]_Kns~m_lz­
dk{jsi5io_K¨s_Ki5dop
Ç
t¥Ł
X
Ädop/lm[]_hw¸ {Kjsuv_s·EZ []dku(dfu(j$p]nIplm~vdf¨edfjsi5r]~mns]if_^q¥t_KuvrT_K{dkjwifify{nIp{_K~vp]dfp]lv[]_
~m_Ig]ikjw~md®lyqnw«3lv[]_ﬂTnsgp
x
jw~my{nIpBlv~mnsi
Ç
ù·$Â±_¾uv[jwifiEp]nwlj
x]x
~m_Kumuuvg{[²jwpdfumuzg_$dfp±lv[]dku-rjsrŁ_K~K¥
uvdfp{_/¦3_/¦(dfioi(guv_/~v_Ksg]ikjw~,{ikjsumuz_Huhns«{nspBlv~mnsikuhdfplm[]_<jwr]riodk{jwlvdfnspuK·ºg]~,^ﬂjwdfp¤dfpBlv_~m_Kuzl,[]_~m_s¥
dkulvn
x
_Kum{~mdfŁ_/[]nY¦lm[]_<{nspBlmdopeg]nIguhI~mj
x
df_pBl$ns«ﬁlv[_q{nIuzl«Ágp{lmdonIp
J
{Kjwp¤T_qnstljwdfp]_
x
guvdop]
lm[]_ﬂuznIiog]lvdfnsp±nw«(jifdop_Kjw~mdf¼_
x
´g]d
x
uzytuzlv_K^/·,£p²jquz_H{nsp
x
uzlv_KrÄ¥Ä¦_,uv[jsioi
x
_Huv{~vdfT_,jq{nspBlvdfpeg]nsgu
nIrtlvdf^,do¼HjYlmdonIp/jsioIns~md®lm[]^jsuv_
x
nsp/lm[]_{nIpIlmdopeg]nIgus~j
x
df_pBl
∇J
·
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¿_lgu{nIpuzd
x
_K~lm[]_({nspBlm~vnIis¨Yjw~mdfjs]if_
g
jsulv[_3_Kio_K^$_KpBl.ns«Łjwp

dfioT_~vlOuzrjI{_
Uc
·(' jIuzdk{§{nspBlvdfpeg]nsgu
«Á_Hjsuvdoio_jsioIns~md®lm[]^ﬂu$«Áns~¾^,dfp]do^,df¼dfp]²lv[_<«Ág]p{lvdfnspjsi
j(g)
def
= J(u(g), p(g))
jw~m_<jsuv_
x
nspºlm[]_
_K¨YjwifgjYlmdonIp¬ns«¯lv[_<«Ág]p{lvdfnspjsi(s~j
x
df_pBl¾jwBjwdfpulﬂjw~m]dolv~jw~my
x
df~v_H{lvdfnspºdfpuzd
x
_
Uc
· Z [~vnIg]s[¬lv[]_
rŁjwrT_~H¥t¦3_&uv[jwifi5guv_-lv[]_-«ÁnIioifnY¦(dop~m_Kuvg]iolK¥
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j(g)
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g ∈ Uc
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δg ∈ Uc
	:
( :'ﬂ6!ﬀ	ﬀﬂ  (.2ﬀﬂ6  
879ﬂ 64  /. ﬂ/,6 ﬂ6((ﬃ 
〈j′(g), δg〉Uc = 〈∂(u,p)J(u(g), p(g)), (z(δg), q(δg))〉, ∀δg ∈ Uc

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(z(δg), q(δg))
def
=
(
D
D g (u, p)
)
(g) · δg
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

∂tz +∇u(g) · z +∇z · u(g)− ν∆z +∇q = 0, Ω
div(z) = 0, Ω
z = δg, Γc
z = 0, Γs
σ(z, q) · n = 0, Γout
z = 0, Γin
z(t = 0) = 0, Ω
È 	
Z [_ﬂiodfp]_Kjs~vdf¼_ x uvytulm_^ dkuj/«ÁnI~v¦ jw~ x dfp±lvdf^$_ﬂifdfp]_Kjs~j x ¨I_K{lmdonIpt­ x d®É#guvdonIpt­ù~v_Hjs{lmdonIpr]~mns]if_^q·¾ùl
p__ x u&lv[_µep]nY¦(if_ x I_¾nw« lv[_nI~vdfsdfpjwiO´g]d x ´nY¦
u(g)
¦([df{[dku$uzrT_K{d
½
{ﬂlvn©pnspt­ùiodfp]_Hjw~h{nspBlv~mnsi
r~vnI]io_K^ﬂu·ù«¦_-¦jspBllmn,d x _KpBlvdo«Áyﬂlv[]_-«Ágp{lmdonIpjwi5I~mj x do_KpBlK¥e¦3_-p]_K_ x lvn,_¨Yjsiogjwlv_lv[_&iodfp]_Kjs~vdf¼_ x
´ŁnY¦ «Áns~,_¨I_~my x do~m_K{lvdfnsp
δg ∈ Uc
·º3nIp{_K~vp]dfp]©lv[]_ x dkuv{~v_lvdf¼Kjwlvdfnspdkuvuvg]_I¥Elv[]dku,{jsp¤if_Kj x ¨s_K~vy
¶Bg]dk{µeioy-lmn_|trŁ_Kpuzdf¨s_ {nI^,r]gtlmjwlvdfnspuK·fns~.lv[dfu.~m_Kjsuvnsp¥HrT_nIr]if_gŁuzgjsioify&guv_jspj x nsdfpBl{nspBlvdfpeg]nsgu
«ÁnI~v^g]ikjYlvdfnspdop±ns~
x
_K~lmnqguz_ﬂjq{nIpBlv~mnsiEuzrŁjs{_$nw« jw~m]dolv~jw~myuzdf¼_I¥jsu
x
_Huv{~vdfŁ_
x
dfp±lv[]_$«ÁnIioifnY¦(dop
lm[]_nI~v_K^q¥
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j(g) =
1
2
∫ T
0
∫
Γout
(u(g) − ud)
2 d Ω d t
 (

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g ∈ Uc
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∇j(g) = −σ(ϕ, pi) · n|Γc×(0,T )

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(ϕ, pi)
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

−∂tϕ−∇ϕ · u(g) +∇
T u(g) · ϕ− ν∆ϕ +∇pi = 0, Ω
div(ϕ) = 0, Ω
ϕ = 0, Γc
ϕ = 0, Γs
σ(ϕ, pi) · n = u(g)− ud, Γout
ϕ = 0, Γin
ϕ(t = T ) = 0, Ω
È 	
Z [_¾j
x
nIdopBlhr]~mnsio_K^ dkujqjs{µe¦ jw~
x
ifdfp]_Kjs~hj
x
¨I_K{lvdfnspt­
x
doÉTguvdfnspt­ù~v_Hjs{lvdfnsp©uvytulm_^q·/u&«ÁnI~&lv[]_
ifdfp]_Kjs~vdf¼_
x
uzytuzlv_K^/¥Edol,p]__
x
ulm[]_/µBpnY¦(io_
x
s_¾ns«ﬁlv[_r]~mdf^,jsiuzlmjwlv_
u(g)
dopnI~
x
_~lvn©T_quznIio¨I_
x
·
3nIpBlv~jw~myqlvnqlv[_¾iodfp]_Hjw~mdo¼K_
x
uljYlv_ﬂ¦([df{[{jsp²Ł_¾j
x
¨Yjwp{_
x
dop±lmdo^,_¾¦(dolv[²lm[]_¾uznIiog]lvdfnsp
u(g)
ns«
lm[]_uzlmjwlv_r]~vnI]if_^q¥slm[]_-j
x
nIdopBl3uvytulm_^ [jsuj
½
pŁjwiŁlvdf^$_-{nIp
x
dolvdfnspÄ¥B¦([]dk{[¾^,_KjspuOlm[jYld®l [jIuElvn
T_huvnsif¨s_
x
nIp{_lv[]_$¯jª¨edo_K~z­bBlmnsµs_Hu uzytuzlv_^ [jIuﬁT__puvnsif¨s_
x
·ﬁbe_¨I_~jwijsgtlv[ns~u([jª¨s_&T__Kp<guvdop]
lm[]dku&«Áns~m^hgifjwlvdfnsp±dopnI~
x
_K~&lvnuvnsif¨s_¾{ns^,r]if_|´g]d
x
´nY¦»{nspBlv~mnsiEr~vnI]io_K^ﬂu st¥`ee¥>·q£p²lv[dfu
rŁjwrT_~H¥Y¦3_ ¦(dfioitp]nslEguz_ uvg{[$jspjsr]r]~mnIjs{[jwp
x
r]~m_«Á_~Ej
x
df~v_H{lEjwr]r~vnBjs{[dfpe¨snsif¨edop¯lm[]_ iodfp]_Kjs~vdf¼_
x
uvytulm_^q·
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llv[dfu(uzlmjss_s¥euv_¨s_K~mjsiŁnIrtlvdf^,do¼HjYlmdonIpulm~mjwlv_Ksdf_Ku{jwpŁ_&{nspuvd x _~m_ x ¥B¦3_[jª¨I_{[]nenIuv_p¾lvn$dope¨s_Hulmd®­
BjYlm_&lv[]_hguz_nw«l¦n¾d®lm_~jYlmdo¨I_&nsrtlmdo^,df¼KjYlmdonIp<r]~mne{_ x g~v_Hu lv[jwl^ﬂjªy/p]__ x nsp]ify/lv[]_h{ns^,r]gtljYlmdonIp
ns«lm[]_{nBul «Ág]p{lvdfnspqs~j x do_KpIlﬁjwl _Hjs{[/^,dop]df^,do¼HjYlmdonIpquzlv_KrÄ·EZ []_
½
~ul(nIp]_&dfu ~m_«Á_K~v_ x jIulv[]_{nspt­
gsgjwlv_$s~j x df_pBljsioIns~md®lm[]^ doplv[]_,{nIpBlv_|el-nw«§pnsp]ifdop_Kjw~­(p]nspŁ{nspe¨I_|qnsrtlmdo^,df¼KjYlmdonIp©r]~mnsio_K^,u
jsp x dkuguvgjwifioyﬂuv__Kpjsuj
½
~muzl ns~ x _~nsrtlmdo^,df¼KjwlvdfnspjsioIns~md®lm[]^q·Z [_uv_K{nsp x nIp]_dfu~m_«Á_~m_ x jsu3lv[]_
' f.À&b$^$_lv[]n x jsp x Ł_KionIp]IuElvn&lm[]_¯uv_K{nIp x ns~ x _~3¶IgŁjsuvd®­£ﬁ_K¦ lvnsp,nIrtlvdf^,do¼HjYlvdfnspﬂjsioIns~md®lm[]^ﬂuO{ikjsumu·
Â±_uv[jwifi x _Kum{~mdfŁ_-Tnwlv[<uzlv~jYlm_sdf_Kudfp/lv[]_&p]_|el¯uz_H{lvdfnsp/dfpqjsp/jsuzlv~js{l(uv_lzlmdop·
D Dﬃ> 
Ï
A


F
 t Ë
F
Y ]ÐGB Ë
A
  Ë ﬁE Ï Ð
¿_l(guﬁ{nspuvd x _~lv[_-«ÁnsifionY¦(dfp]ﬂjwuzlv~js{l^,dfp]df^$df¼Kjwlvdfnspqr]~mns]if_^q¥
{
u ∈ H,
j(u) ≤ j(v), ∀ v ∈ H
È 	
¦([_~m_
H
uljwp
x
uO«ÁnI~3jwp

doifT_~vluvrjs{_¯jwp
x
j : H → R
dfuj
x
doÉ#_~m_pBlvdkjw]if_(«Ág]pŁ{lvdfnspŁjwiTnsp
H
·EZ []_
3nIpYg]IgjYlm_À~mj
x
df_pBl$jsioIns~md®lm[]^jsr]r]ifdo_
x
lvnr]~mns]if_^ È 	{KjwpT_
x
_Huv{~vdfT_
x
dfplm[]_¾«ÁnIioifnY¦(dop
^ﬂjsp]p]_~H¥


bBlv_Kr
0
3[]nenIuv_
u0 ∈ H
{
bensif¨s_«ÁnI~
g0 ∈ H,
uzgŁ{[lm[jYl
(g0, v)H = H∗ < j
′(u0), v >H , ∀ v ∈ H
Â_uv_l
w0 = g0


bBlv_Kr
n + 1
f]nI~
n ≥ 0
¥t¦_-jIuvuvg]^,_lv[jwl
(un, gn, wn)
dfuﬁjwl(nsg]~
x
dkuvrŁnBuvjsi?¥]jsp
x
¦_&uz_K_µﬂ«ÁnI~
(un+1, gn+1, wn+1)
lv[Łjwp]µtulvn,lm[]_-«ÁnsififnY¦(dop],uzlv_rŁu-Æ
Ç
· ¿dop_uz_Hjw~{[ÄÆE3nI^,r]gtlv_
ρn
uvg{[/lv[ŁjYlK¥
(LS)
{
benIio¨I_«ÁnI~
ρn ∈ R,
uvg{[lv[jwl
j(un − ρnw
n) ≤ j(un − ρwn), ∀ ρ ∈ R
Â±_uv_l
un+1 = un − ρnw
n,
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ÇIÇ
]·(À~j x do_KpIlﬁ{ns^,r]gtljYlvdfnsp±Æ
{
bensif¨s_«Áns~
gn+1 ∈ H,
uzg{[lv[ŁjYl
(gn+1, v)H = H∗ < j
′(un+1), v >H , ∀ v ∈ H
=
·ﬁ3nIpe¨s_~ms_Kp{_¯lv_HulHÆ
ù« ‖gn+1‖
‖g0‖ ≤ 
¥elv[]_uvnsifgtlvdfnsp/dku(sdf¨s_Kpey
u = un+1
gp]io_HuvuK¥t¦_{ns^,r]g]lv_-nsp]_-ns«lm[]_-«ÁnsifionY¦(dfp],¶BgjwpBlvdolvdf_KuK¥
j 	
γn =
‖gn+1‖2
‖gn‖2
,
f.io_lm{[]_K~z­£(__K¨s_Hu
 	
γn =
(gn+1, gn+1 − gn)
‖gn‖2
,
}nIifjI{µI­£(df]df\~m_
Z [_pÄ¥]¦_&uz_l
wn+1 = gn+1 + γnw
n
`Ł·ùlm_~jYlmdonIpifnensr±ÆE¦3_&uv_l
n := n + 1
¥]¦_-{ns^,_-js{µ¾lvnﬂulm_r
n + 1
·
Z [_dfpB¨I_KuzlvdfIjwlvdfnspnw«(lm[]_{nspe¨s_K~vI_p{_ﬂnw«(lm[]_<3nIpYg]BjYlv_s~j
x
df_pBljsioIns~md®lm[]^ ¦ jsurT_~v«Áns~m^$_
x
nIplv[_/dfp
½
pd®lm_
x
do^,_pŁuzdfnspjsi3if_¨I_i3«Áns~ﬂ¶Bgj
x
~mjwlvdk{{nIpe¨s_|±«Ág]p{lvdfnspjsifuK·Â±_/~m_«Á_K~hlmnã
Z
«ÁnI~$j
~m_¨edf_¦»nw«ﬁuvg{[²~v_Huzg]iolmuK·qZ []_Kuv_ﬂ~v_Huzgi®luh{jsp]p]nslŁ_jsr]r]ifdo_
x
dopnIg]~h{Kjsuv_s¥uzdfp{_ﬂ¦_
x
_HjwiO¦(dolv[j
pnspt­£{nIpB¨I_|5¥spnspt­ùiodfp]_Hjw~O«Ágp{lmdonIpjwi>·§bBlvdfifi?¥ensplv[]_peg]^,_~mdf{KjwiTrŁnIdopBl nw«¨edf_¦lm[]_& À ^$_lv[]n
x
[jsu
uv[]nY¦(pﬂI~v_HjYl§{nIpe¨s_~ms_Kp{_ «Á_HjYlmg]~v_HuOdfp¾^ﬂjwpey,jwr]r]ifdk{jYlmdonIpuK¥Bjsp
x
rjw~vlvdk{gifjs~vify«ÁnI~3nIrtlvdf^ﬂjwiŁ{nspBlv~mnsi
ns«´gd
x
^,n
x
_iku ã
=
¥Łsù·
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Ï
A
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F
Ï
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fns~3¨s_~my,ifjs~vI_(nsrtlmdo^,df¼Kjwlvdfnsp¾r]~mnsio_K^,u3dfpB¨Insif¨edop]h¨s_~my´ŁjYl3«Ág]p{lmdonIpjwikuK¥Bdol [jsu§Ł_K_puv[]nY¦(pﬂlm[jYl
lm[]_, À^$_lv[]n
x
{jwp{nspe¨I_~ms_&¨s_K~vyquvionY¦(ifys·£pns~
x
_~¯lvn/{df~m{g]^h¨I_pBl¯lm[]dfudkuvuvg]_s¥#dol[Łjwr]rT_pu¯lvn
T_guz_«Ág]i#lvn$guv_¶BgjIuzdo­£ﬁ_¦ lmnsp¾^,_lv[]n
x
u3lv[ŁjYl(^ﬂjªy,uv[]nY¦ uv_K{nsp
x
ns~
x
_~{nspe¨I_~ms_pŁ{_ﬁr]~mnsrT_~vlvdf_Ku
p_Kjw~§lv[]_nsr]lvdf^hg]^q·3p]_rŁnBuvuvdoio_{[]nsdk{_ﬁdku3lv[]_guv_¯ns«Älv[]_ ' fÀ&bﬂ^,_lv[]n
x
jIu
x
_Kum{~mdoT_
x
eyﬂ¿Ädfgt­
¯nt{_
x
jwiEdfp
=
Ç
ù·¾Z []dku-^,_lv[n
x
dku-jsuv_
x
nsplv[_¾jwr]r]~mnª|tdo^ﬂjwlvdfnspns«§lv[_¾{nIuzl-«Ág]p{lvdfnsp

_Huvuvdfjsp
dfpe¨s_K~muv_§guvdfp]&j¯~jwp]µ&nIp]_ rŁ_K~zlmg]~mjYlmdonIphnw«Td
x
_pBlvdoly
x
_
x
g{_
x
«Á~vnI^Ulv[]_(I~mj
x
do_KpBlµep]nY¦(if_
x
I_s·Z [dfu
^,_lv[]n
x
¦jIu uzg{K{_Huvuz«Ág]ifioyjsr]r]ifdo_
x
lvn,nsrtlmdo^ﬂjsi{nIpIlm~vnIi#nw«.jª¨edo_K~z­bBlvnIµs_Hu3_H¶BgjYlmdonIpudop  `ù¥ ãwù·
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Â±_ﬂ{nIpuzd x _K~lm[]_ﬂjwuzlv~js{l^,dfp]do^,df¼Kjwlvdfnsp±r]~vnI]if_^ ? 	·1f]nI~
(u, v) ∈ H × H
¥¦3_,{nIpuzd x _K~lm[]_
_Kio_K^,_pBl
u⊗ v ∈ L(H)
x _
½
p_ x jsu«ÁnIioifnY¦ﬁu¥
(u⊗ v)(w) =< w, v >H u, ∀w ∈ H

_p{_lv[]_ ' fÀ&b/jsioIns~md®lm[]^~v_Hj x u(jIu«ÁnsifionY¦ﬁuK¥


bBlv_Kr
0
Æ33[]nenIuv_
u0 ∈ H
¥
H0 ∈ L(H){
bensif¨s_«ÁnI~
g0 ∈ H,
uzgŁ{[lm[jYl
(g0, v)H = H∗ < j
′(u0), v >H , ∀ v ∈ H


bBlv_Kr
n + 1
f]nI~
n ≥ 0
¥t¦_-jIuvuvg]^,_lv[jwl
(un, gn, Hn)
dkuﬁjwl nIg]~ x dkuzrTnIumjwi>¥]jwp x ¦_&uz_K_µﬂ«ÁnI~
(un+1, gn+1, Hn+1)
lv[jsp]µtulvn,lm[]_-«ÁnsifionY¦(dfp],ulm_ru-Æ
Â_uv_l
dn = −Hn · gn
¥
Ç
· ¿dop_uz_Hjw~{[ÄÆE3nI^,r]gtlv_
ρn
uvg{[/lv[ŁjYlK¥
(LS)
{
bensif¨s_«Áns~
ρn ∈ R,
uvg{[/lv[ŁjYl
j(un + ρnd
n) ≤ j(un + ρdn), ∀ ρ ∈ R
Â±_uv_l
un+1 = un + ρnw
n,
]·(À~j
x
do_KpIlﬁ{ns^,r]gtljYlvdfnsp±Æ
{
bensif¨s_«Áns~
gn+1 ∈ H,
uzg{[lv[ŁjYl
(gn+1, v)H = H∗ < j
′(un+1), v >H , ∀ v ∈ H
=
·ﬁ3nIpe¨s_~ms_Kp{_¯lv_HulÆEù« ‖gn+1‖
‖g0‖ ≤ 
¥elm[]_uvnsifgtlvdfnsp/dfu Ido¨I_p/ey
u = un+1
gp]io_Huvu rT_~v«Áns~m^ uzlv_Kr
4
·
`Ł·

_Kumuzdkjwp/g]r
x
jYlm_ﬂÆ
Â±_uv_l
sn = un+1 − un
jsp
x
yn = gn+1 − gn
Z [_pq¦3_&{ns^,r]gtlm_
Hn+1 = Hn +
dn ⊗ dn
< dn, sn >H
−
Hn · sn ⊗Hn · sn
< Hn · sn, sn >H
X
·ùlm_~jYlmdonIpifnensr±ÆE¦3_&uv_l
n := n + 1
¥]¦_-{ns^,_-js{µ¾lvnﬂulm_r
n + 1
·
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£plv[dfu-rjs~mjss~jwr][¥Ł¦_$uv[jsioi x _Huv{~vdfŁ_$nsg~-uzlv~jYlm_Iyq«Áns~lv[]_
½
pd®lm_ x do^,_pŁuzdfnspjsiEjwr]r]~mnª|tdo^ﬂjwlvdfnsp
ns«lm[]_uznIiog]lvdfnsp/nw«.lv[]_jª¨Bdf_~v­bBlvnIµs_Kuuvyeuzlv_K^q¥tjsuv_ x nspqjﬂ¿jss~jwp]I_­À-jwif_~mµBdfpﬂuv{[_^,_s·
   % #ﬀ "% 
 ! 
"	
I ﬃ> ﬃ> ?6A
 Ï Ð
¡sﬁB Ï
A
Z [_ﬁ¿jwI~mjsp]s_­£À-jsio_K~vµedfpuv{[_^,_ ¦jIu
½
~muzlEdopBlm~vn x g{_ x ey '_p¶Bg 
=
Łjsp x dfu^ﬂj x _(nw«Tlv[]_ﬁ{ns^]d®­
pŁjYlvdfnspqns«lm[]_h{[js~mjI{lv_K~vdkuzlvdk{u^,_lv[n x ¦(dolv[juljwp x js~ x
½
p]dolv_­>_Kio_K^,_pBlﬁ«Áns~m^hgifjwlvdfnspÄ·§Z [_^ﬂjwdfp
d x _Hj¾nw«Elm[]dku¯^,_lm[]n x ifdo_Hu¯dfp<lm[]_h«ÈjI{llv[jwl¯lv[_nIrŁ_K~mjwlvns~ ∂
∂t
+ u.∇
^ﬂjªyqŁ_hlvg]~mp]_ x dfpIlmnjﬂlmnwljwi
x _~mdo¨YjYlmdo¨I_ d
dt
guvdopj$¿jwI~mjsp]sdkjwp«Áns~m^hgifjwlvdfnspÄ·

nY¦_¨I_~H¥wlv[dfu ¿jss~jwp]Idfjsp$«Áns~m^hg]ikjYlmdonIpﬂdfu3nsp]ify
¨Yjsiod x jsionIp]±lv[]_<{[js~mjI{lm_~mdfuzlvdk{u${g]~m¨s_Hu,nw«lv[]_<rjs~zlmdf{g]if_s·³Z []dku¾{g]~m¨s_Hu,jw~m_ x _Huv{~vdfT_ x By¤lv[]_
«ÁnIioifnY¦(dfp]_H¶BgjYlmdonIpuÆ
{
d
dτ
χ(τ ; t, x) = u(τ, χ(τ ; t, x)), τ ∈ [0, t]
χ(τ = t; t, x) = x x ∈ Ω

Ç
 	
nI~ _K¶Bg]df¨ªjsio_KpBlvify©Æ
χ(τ ; t, x) = x +
∫ t
0
u(τ, χ(τ ; t, x))dτ

ÇsÇ
	

_p{_s¥tlm[]_&{[jw~js{lv_K~vdkulmdf{Ku^$_lv[]n
x
{nIpuvdfuzlmudfp/rT_~v«Áns~m^,doplm[]_-«ÁnsififnY¦(dop],uzlv_rŁu&Æ
Ç
·(¸¯_
½
p]_/jwpjwrr]~vnª|tdf^ﬂjYlvdfnspum{[]_^,_ﬂ«ÁnI~lm[]_qjsg{[ey©r]~mns]if_^ 
Ç
 	·©bensif¨edop]lv[]dkuhuvytulm_^
io_Hj
x
ulmn¾jwpqjwr]r~vnª|tdf^,jwlvdfnspnw«lm[]_{[js~mjI{lv_K~vdkuzlvdk{{g]~v¨I_KuK·
t·(¸¯_
½
p]_qjqlvdf^,_/jsr]r]~mnª|tdo^ﬂjYlmdonIp±um{[]_K^$_«Áns~hlv[]_lvnwljwi
x
_~mdf¨ªjwlvdf¨s_¾nIrŁ_K~mjwlvnI~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(un, pn, gn)(x) = (u, p, g)(x, tn), x ∈ Ω¯
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Â±_q{nspŁuzd x _~lv[_q{[Łjw~js{lm_~mdfuzlvdk{¾{g]~v¨I_jIuvuvnt{dkjYlv_ x lvnlv[_´ŁnY¦
½
_i x
u
jIulm[]_<uznIiogtlmdonIpnw«lv[]_
jsg{[eyr~vnI]io_K^ 
Ç
 	·

_pŁ{_s¥#guvdfp]¾lm[]_${[Łjwdfp~vgio_I¥Ł¦_hI_l¯lm[]_«ÁnsifionY¦(dfp]¾_|er~v_HuvuvdonIpq«Áns~lv[]_
lmdo^,_ x _K~vdf¨YjYlmdo¨I_ns«lm[]_-´nY¦
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_i x
u
jsionIp],j${[Łjw~js{lm_~mdfuzlvdk{{g]~m¨s_$¥
d
dτ
u(τ, χ(τ ; t, x))|τ = ∂τu(τ, χ(τ ; t, x))|τ +∇u(τ, χ(τ ; t, x)) · u(τ, χ(τ ; t, x))
fns~
t = tn+1, tn ≤ τ ≤ tn+1
¥(¦_ x _
½
p]_<lv[_
½
~ulv­>nI~ x _K~¾jwr]r~vnª|tdf^,jwlvdfnsp¬nw«-lv[]_lvnwljwi(lmdo^,_
x _~mdo¨YjYlmdo¨I_ $' jI{µB¦ jw~ x ¹Ogio_K~¯uv{[_^,_ 	¥
d
dτ
u(τ, χ(τ ; t, x))|τ=tn+1 =
u(tn+1, x)− u(tn, χ(tn; tn+1, x))
∆t
Z [_{[js~mjI{lm_~mdfuzlvdk{«Ánenwl
χ(tn; tn+1, x)
dku{ns^,r]gtlm_ x «Á~vnI^ 
ÇsÇ
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χ(tn; tn+1, x) = x−∆tu
n(x)
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bt_lzlmdop
χn(x) = χ(tn; tn+1, x)
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1
∆tu
n+1 − ν∆un+1 +∇pn+1 = 1∆tu
n ◦ χn, Ω
div(un+1) = 0, Ω
un+1 = gn+1, Γcyl
σ(un+1, pn+1) · n = 0, Γout
un+1 = un+1∞ , Γin
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dkuvuvdorŁjYlvdfnsp·.¯p$dfp{~v_Hjsuv_
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x
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x
df{~v_lvdf¼Kjwlvdfnspquv{[]_K^,_-{Kjwp/_¨I_pBlvgjsioify¾~m_
x
gŁ{_lv[]dku nY¨s_K~
x
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Z [_$uv_K{nsp
x
nI~
x
_~-¿jwI~mjsp]s_­£À-jsio_K~vµedfp^,_lv[]n
x
¦jIu¯dfpBlv~mn
x
g{_
x
ey '3nIg]µedo~_l&jwi §jwp
x
dfu-jsp
_|elv_pŁuzdfnsp/nw«lv[]_
½
~uzlﬁns~
x
_~(um{[]_^,_s·Eu(Ł_«Áns~m_s¥tif_lﬁgu
x
_
½
p]_-lm[]_-lvnslmjsi
x
_~mdo¨Yjwlvdf¨s_,Æ
d
dτ
u(τ, χ(τ ; t, x))|τ=tn+1 =
3u(tn+1, x)− 4u(tn, χ(tn; tn+1, x)) + u(tn−1, χ(tn−1; tn+1, x))
2∆t
¯nY¦ ¦_-p]__
x
lmnﬂ{ns^,r]g]lv_-l¦n,uv_lu nw«{[jw~js{lv_~mdkulmdf{Ku3rŁjYlv[Łu-Æ
{
χn1 = χ(tn; tn+1, x) = x−∆t(2u
n − un−1)(x)
χn2 = χ(tn−1; tn+1, x) = x− 2∆t(2u
n − un−1)(x)
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3
2∆t
un+1 − ν∆un+1 +∇pn+1 =
1
∆t
[
2un ◦ χn1 −
1
2
un−1 ◦ χn2
]
, Ω
div(un+1) = 0, Ω
un+1 = gn+1, Γcyl
σ(un+1, pn+1) · n = 0, Γout
un+1 = un+1∞ , Γin

Ç
` 	
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¯jª¨edf_~v­£bBlmnsµI_Kuuzytuzlv_^q·
Â³[_pqlv[_¨edfum{nBuzdoly{nIpuzlmjwpBl

dfu¯uz^ﬂjwifi>¥]lv[_h¯jª¨edf_~v­£benIµs_Hu3_H¶BgjYlmdonIpu(jw~m_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x
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x
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x
{nI~v~m_K{lvifys·Z [_pÄ¥
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x
lv[_ﬂr]~v_Huvuvg]~m_h«Ágp{lmdonIpjwi§uvrjI{_Kulmn<Ł_¾{[nIuv_p©¦(dolv[
{Kjw~m_s·£pﬂns~
x
_~lmn{ns~m~m_K{lmioy{nsrT_(¦(dolv[,lv[dfu
x
d ¾{g]i®lH¥slm[]_ﬁ¿&''¬{nsp
x
d®lmdonIp  s ãsT^hguzlOT_¯uvjwlvdku­
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_
x
·Eù«
Xh
jsp
x
Mh
jw~m_¯lm[]_
x
dfum{~m_lmdo¼K_
x
uzrjI{_Hu§«ÁnI~lv[]_&¨I_ifne{d®lyﬂjsp
x
lm[]_-r]~m_Kumuzg]~m_~v_HuzrT_K{lvdf¨s_ifys¥
lm[]_p¥t«Áns~ﬁjsioi
v ∈ Xh
jwp
x
p ∈Mh
Æ
inf
p∈Mh\Qh
sup
v∈Xh
|(∇.v, p)|
||v||Xh ||p||Mh
≥ γ > 0

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¦(dolv[
Qh = {q ∈ Mh|(q,∇.v) = 0 ∀v ∈ Xh}
jwp
x
γ
dkuj¾{nspuzlmjspBl¯dop
x
_rT_p
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uvdo^,r]if_|/rjw~vlvdolvdfnsp
Th
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Ω
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uvjwlvdku
½
_Kuuljwp x js~ x [eyBrTnwlm[]_Kuvdku¯dfpnI~ x _~lvn x _
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½
p]dolv_
_Kio_K^,_pBl «Èjw^,doify  Iù·
Â±_uv_lK¥
P 1h =
{
φ : Ω→ R / φ|K ∈ P
1, ∀ K ∈ Th
}
fns~
k ∈ Th
¥.¦3_¾{nspuvd x _~
{λi}1≤i≤d+1
¥lm[]_ﬂjw~myt{_KpIlm~vdk{,{nens~ x dfpjYlm_Ku-¦(dolv[²~m_KuvrŁ_H{l&lvnqlm[]_
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uvdf^$rio_|
K
·EÂ±_&dopBlm~vn x g{_lv[]_&]g]]if_-«Ág]p{lmdonIp
bK =
d+1∏
i=1
λi
jsp x ¦3_&uv_l
P bK = vect{b
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Â±_
x
_
½
p]_jwpqjwrr]~vnª|tdf^ﬂjYlvdfnspuzrjI{_-rjsdo~(jIuz_
x
nIplm[]_jwTnY¨s_-uvrjs{_s¥
Xh =
{
v ∈ (C0(Ω))d, v|K ∈
(
P
1 ⊕ Pb(K)
)d
, ∀ K ∈ Th
}
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1
h
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x
gŁ{_lv[]_-«ÁnIioifnY¦(dfp]h«Ágp{lmdonIpjwiuvrjI{_KuK¥
V =
{
v ∈ (H1(Ω))d, v = 0
nIp
Γin ∪ Γs, v · n = 0, Γlat
}
Q = L2(Ω)
Â±_uv_l
Vh = X
3
h ∩ V
jsp
x
Qh = Mh ∩Q
¥Łjwp
x
¦_&ionenIµﬂ«Áns~
(un+1h , p
n+1
h ) ∈ X
3
h ×Q
h
uznIiogtlmdonIp
ns«lm[]_-«ÁnsifionY¦(dfp]ﬂuvyeuzlv_K^ Æ


1
∆t
(un+1h , vh) + ν(∇u
n+1
h ,∇vh)− (p
n+1
h , div vh) =
1
∆t
(unh ◦ χ
n
h, vh), ∀ vh ∈ Vh
(div un+1h , qh) = 0, ∀ qh ∈ Qh
un+1h = Πhg
n+1, Γcyl
σ(un+1h , p
n+1
h ) · n = 0, Γout
un+1h = Πhu
n+1
∞ , Γin

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|tdfp]±lv[]_uzrjwlvdkjwi(¨Yjw~mdkjw]if_
x
dop³j±lvdf^,_­
x
_rT_p
x
_KpBl
x
ns^ﬂjsdop
Ωft
·3Z []_KpÄ¥dfp/lv[]_p_dfs[eŁnIg]~m[]nen
x
nw«lm[]_&^,nY¨Bdfp]ﬂTnsg]p
x
jw~my
Γst
¥Łd®l^,jªyŁ_
x
d ¾{gi®l(lmn
x
_
½
p_-jsp<jwr]r]~mnª|tdo^ﬂjwlvdfnsp¾ns«uvg{[qj
x
_~mdo¨YjYlmdo¨I_s·
 uznIiogtlmdonIp{nIpuzdkuzlmuﬁdfp<dfpIlm~vn
x
gŁ{dfp]jﬂ^ﬂjwrqlm[jYl¦(doifilv~jwpuz«Áns~m^0lm[]_&lv_K~v^
∂t|x∈ Ωft
dfpBlvnjﬂlv_^$­
rTns~jwi
x
_~mdo¨Yjwlvdf¨s_(lm_~m^ jwlOlvdf^,_
t ≥ 0
¥sµs_K_r]dfp]&lm[]_uvrjI{_ﬁ¨Yjw~mdkjw]if_
½
|t_
x
dfpj
x
ns^ﬂjwdfpﬂ¦([]dk{[
x
ne_Ku
pnwl
x
_rT_p
x
_pBl¯nIplm[]_-lvdf^,_&¨ªjs~vdkjwio_
t
·
ÓÓ ïg9h6i!j!k
s
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£pﬂnI~ x _~Elmnh¦ns~mµh¦(dolv[j¿jwI~mjsp]sdkjwp x _Kum{~mdor]lvdfnspﬂnw«#lm[]_uvnsifd xﬂx yBpŁjw^,df{s¥I¦_¯{[]nenBuz_ﬁjspﬂdope¨Yjw~mdfjspBl
^,nY¨edfp]©Tnsg]p x jw~my²^,jsr¬jsionIp]
Γst
·

_Kp{_I¥§¦_dfpBlv~mn x g{_lv[]_/«ÁnsififnY¦(dop]^ﬂjwr]r]dfp]«Èjw^,dfioyI¥E«Áns~
0 ≤ τ < 0
¥
Aτt :
Ω
f
(τ) −→ Ω
f
(t)
ξ 7−→ x = Aτt (ξ)
uvg{[lv[jwl
Aτt (ξ) ∈ Γ
s
t , ∀ξ ∈ Γ
s
0
Â±_uv_l
xf = Aτt (ξ)
«Áns~
ξ ∈ Ωf (τ)
jsp x
xs
def
= Aτt (ξ)
«ÁnI~
ξ ∈ Γs(τ)
· Z []_pqlm[]_¯¿¹³^,jsr<{jwp
T_ x _Huv{~vdfŁ_ x jIu«ÁnsifionY¦&¥
xf (ξ, t) = Ext(xs)(ξ, t), ∀ξ ∈ Ωf (τ),
xs(ξ, t) = d(t) + Q(t) ξ, ∀ξ ∈ Γs(τ).

_~m_s¥
Ext
~m_r]~m_Kuv_pBlmu jspBy_|elv_Kpuzdfnsp/nsrT_~jYlmns~«Á~mns^
Γs(τ)
lmn
Ωf (τ)
r]~m_Kuv_~m¨Bdfp]
Γf∞
·
wτ (x, t) =
∂Aτt (ξ)
∂t
∣∣∣
ξ∈Ωf (τ)
¦(d®lm[
x = Aτt (ξ)
¥Łuljwp
x
u«ÁnI~ lv[]_¿Ä¹¨s_Kiont{d®lyI·
£plv[]_&uv_K¶Bg]_Ki?¥e¦_¦(dfioi5pnwl
x
dfuzlvdfp]Ig]dfuv[/Ł_l¦3_K_pjh«Ág]p{lvdfnsp
x
_
½
p]_
x
dop
Ωf (τ)
ns~
Ωf (t)
¥]µI__rdop]
dfp<^,dop
x
lv[jwlﬁlv[]_Ky/js~v_{nsp]p_K{lm_
x
lm[]~vnIg]s[/lm[]_h¯¿¹³^ﬂjwr
(Aτt )0<τ<t
· Ã¯uvdopﬂlv[]_,3[jwdfp(g]if_s¥
¦_-^ﬂjªyuljYlm_lm[]_-«ÁnsififnY¦(dop],d
x
_pBlmd®lyI¥
∂u(x, t)
∂t |ξ∈Ωf (τ)
=
∂u(x, t)
∂t |x∈Ωf (t)
+∇u(x, t) · wτ (x, t),
«ÁnI~
x = Aτt (ξ), ∀ξ ∈ Ω
f (τ)
?
=
	
ùl¯jsioifnY¦ﬁugulvnﬂnItlmjsdoplv[_ulm~vnIp]$¿Ä¹«ÁnI~v^g]ifjwlvdfnspnw«.lv[]_-´gd
x
­£uzlv~mg{lmg]~v_&{nsg]r]if_
x
uvyeuzlv_K^q¥


∂u
∂t |ξ∈Ωf (τ)
+∇u · (u− wτ )− ν∆u +∇p = 0, Ωft
div(u) = 0, Ωft
u = x˙s, Γst
σ(u, p) · n = 0, Γout
u = u∞, Γin
u(t = 0) = u0, Ω
>Y` 	
I  a D \
B?K¡s
Ë
;Bﬃ^s ]ﬁB
Ï
A
Z [_¯¯¿¹²«Áns~m^hg]ikjYlmdonIp$ns«#lv[]_¯jª¨edo_K~z­bBlmnsµs_Huuzytuzlv_^»dfpﬂ^$nY¨edfp]
x
nI^,jsdop,[jIu§j&uvdo^,dfifjs~3uzlv~mg{lmg]~m_
{ns^,rjs~v_
x
lvnlv[_
½
|t_
x$x
ns^ﬂjwdfp{Kjsuv_s·.Z []_(nsp]ify
x
doÉT_K~v_Kp{_ dku.lv[]_({nspe¨s_H{lvdfnsp¨s_Kiont{doly
½
_Ki
x
¦([]dk{[
dku&uv[]d®«Õlm_
x
ey<lv[_¾¯¿Ä¹U¨I_ifne{d®ly
½
_i
x
·

_pŁ{_,lv[_,¿jwI~mjsp]s_,À-jwif_~mµBdfp²uv{[]_K^,_${Kjwp±Ł_¾jsr]r]ifdo_
x
jsp
x
lm[]_&{[jw~js{lv_~mdkulmdf{ﬁ{g]~m¨s_Ku3jw~m_¯jI{µBlv~js{µs_
x
lv[jsp]µtu§lmnhlm[]_
½
_i
x
un−wn
·OZ []dkuio_Hj
x
u§lvnlv[]_
«ÁnIioifnY¦(dfp]$uv_^,do­
x
dfum{~m_lm_-uvytulm_^ﬂuK¥
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f.do~ulv­>nI~ x _~({[jw~js{lv_K~vdkulmdf{uv{[_^,_,Æ

1
∆tu
n+1 − ν∆un+1 +∇pn+1 = 1∆tu
n ◦ χnu−w, Ω
n+1
div(un+1) = 0, Ω
un+1 = wn+1, Γsn+1
σ(un+1, pn+1) · n = 0, Γout
un+1 = un+1∞ , Γin
>
X
	
¦([]_~m_
χnu−w(x) = χ(tn; tn+1, x)
uljwp x u¯«Áns~-j{[Łjw~js{lm_~mdfuzlvdk{«Ánenwlnstljwdfp]_ x lm[]~mnsg]I[<lv[]_
{[jw~js{lv_K~vdkulmdf{©rjYlm[
χ(tn; tn+1, x)
¦([]dk{[ dkuq{ns^,r]g]lv_ x «Á~vnI^ 
ÇIÇ
	guzdfp]¬lv[]_±«ÁnIioifnY¦(dop
«Áns~m^hg]ikjw_ ifdop_Kjw~ x dfum{~m_lm_dfpBlv_K~vrTnsikjYlmdonIp 	Æ
χ(tn; tn+1, x) = x−∆t(u
n − wn)(x)


be_K{nsp x ­>nI~ x _K~({[jw~js{lv_~mdkulmdf{uv{[]_K^,_$Æ

3
2∆t
un+1 − ν∆un+1 +∇pn+1 =
1
∆t
[
2un ◦ χnu−w,1 −
1
2
un−1 ◦ χnu−w,2
]
, Ωn+1
div(un+1) = 0, Ω
un+1 = wn+1, Γsn+1
σ(un+1, pn+1) · n = 0, Γout
un+1 = un+1∞ , Γin
>w 	
¦(d®lm[/lv[]_-«ÁnIioifnY¦(dop,uv_l(ns«{[js~mjI{lm_~mdfuzlvdk{(«Á_K_lK¥
{
χnu−w,1 = χ(tn; tn+1, x) = x−∆t(2(u
n − wn)− (un−1 − wn−1))(x)
χnu−w,2 = χ(tn−1; tn+1, x) = x− 2∆t(2(u
n − wn)− (un−1 − wn−1))(x)
  
'§ﬃﬃ /ﬃ(	&	-	/9 9/'3ﬃﬃ 3h'5 Y+/§h 1&	9/m!
ﬃ(
£pns~
x
_~lvnrT_~v«Áns~m^ nsg]~.nsrtlmdo^ﬂjsie{nspBlv~mnsieuzlv~jYlv_KsyI¥H¦_p]__
x
lvn-{nI^,r]gtlv_3lv[_I~mj
x
df_pBlns«]lv[]_ {nBul
«Ágp{lmdonIp/¦(dolv[<~m_KuvrT_K{l lmnﬂŁnIg]p
x
js~vy¾¨I_ifnt{doly
½
_i
x
·§Z [dfu(^ﬂjªy¾T_
x
nIp]_-eyguvdop,lv[]_
x
_K~vdf¨YjYlmdo¨I_
(z, q)
ns«Älv[]_-uzlmjYlm_¨Yjs~vdkjw]if_
(u, p)
¦(d®lm[~m_KuvrŁ_H{llvn
g ∈ Uad
·33nspŁ{_~mp]dfp]&lm[]_-pBg^$_K~vdk{jsiTjsr]r]~mnª|e­
df^ﬂjYlmdonIp¾nw«Älm[]_nsrtlmdo^,df¼KjYlmdonIp¾r]~mnt{_
x
g]~v_I¥slm[]_~m_¯_|tdfuzlmu^ﬂjwdfp]ifyl¦nuzlv~jYlm_Ido_HuE«Áns~ {nI^,r]gtlvdfp]lv[]_
{nIuzl «Ág]p{lmdonIpqs~j
x
df_pBlKÆ
Ç
·(¸¯_
½
p]_jspqjsr]r]~mnª|tdo^ﬂjYlmdonIp¾nw«.lv[_{nspBlmdopeg]nIguiodfp]_Kjs~vdf¼_
x
r~vnI]io_K^q·
t·(¸¯_
½
p]_j,ifdop_Kjw~mdf¼KjYlmdonIpns«lv[_
x
dfum{~m_lmdo¼K_
x
uljYlm_&r]~vnI]if_^q·
p/lm[]_&iodf^,d®l{jsuv_
(h, ∆t)→ 0
¥]Tnwlm[quvytulm_^ﬂu(¦(dfioi.{nIpB¨I_~ms_lvn,lm[]_{nIpIlmdopeg]nIgu ifdop]_Hjw~mdo¼K_
x
uvyeuz­
lm_^q·§¯_¨s_K~zlm[]_if_KumuK¥]uzdfp{_-¦_uz[Łjwifi5rŁ_K~z«ÁnI~v^ jspqnsrtlmdo^,df¼KjYlmdonIp
x
_Kum{_pBl¯jsioIns~md®lm[]^q¥BTnwlm[<uzytuzlv_^ﬂu
^ﬂjªyq«Ág]~mp]dkuz[
x
doÉ#_~m_pBl
x
_Kum{_KpBl
x
do~m_K{lvdfnspuK¥Ädfp
x
g{dop]
x
doÉ#_~m_pBlh{nIpB¨I_~ms_Kp{_r]~vnIrŁ_K~zlmdo_Hu·$£p±lv[]_
uv_K¶Bg]_Ki?¥s¦3_(^ﬂjªy
x
_Kum{~mdoT_(uzg{[ﬂjsp,jsi®lm_~mpjYlmdo¨I_s·Â_ﬁ¦(dfifi]nsp]ify
x
_Kjwit¦(dolv[
½
~muzlz­ùns~
x
_~E{[js~mjI{lm_~mdfuzlvdk{
ifdfp]_Kjs~vdf¼_
x
uv{[_^,_KuK¥Ouzdfp{_lm[]_/uv_K{nsp
x
­>nI~
x
_K~{Kjsuv_
x
_K~vdf¨s_Huh_Hjsuvdoify±«Á~vnI^ lm[]_
½
~ulv­>nI~
x
_K~{Kjsuv_jsu
uv[]nY¦(p/Ł_«Áns~m_s·
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% 
Z [_r~vnt{_ x g]~m_-¦([]df{[q{nIpuvdfuzlmu dfpÄ¥
Ç
· x dkuv{~v_lvdf¼dfp]$lv[]_uzlmjwlv_-r]~mns]if_^q¥
t·lv[]_Kpqiodfp]_Kjs~vdf¼dfp]$lv[_ x dfum{~m_lm_-r]~vnI]if_^q·
¦(dfifir]~mn x g{_h¦([jwl¦_h{jsioilv[]_iodfp]_Hjw~mdo¼K_ x<x dkuv{~v_lv_r]~vnI]if_^ È¿¸} 	·Ä¿Ä_lgu x _Kum{~mdoT_lm[]dku¯r]~mnw­
{_ x g~v_-«ÁnI~ﬁlv[_h¯jª¨edf_~v­£bBlmnsµI_Kur]~mns]if_^q· Â_uz_l
(uih(g), p
i
h(g))0≤i≤Nt
lv[]_uznIiogtlmdonIpqnw«lv[]_h«Ág]ifi®­
x dfum{~m_lm_-jª¨edo_K~z­bBlvnIµs_Hu3uvytulm_^ jIuvuvnt{dkjYlv_ x ¦(dolv[/lv[_{nspBlm~vnIi5¨ªjs~vdkjwio_
g
·
Â±_&¦nsg]i x ifdfµs_lvn,_¨Yjsiogjwlv_-lm[]_«ÁnsifionY¦(dfp]ﬂ¶BgjwpBlvdolvdf_KuK¥
(zih(δg), q
i
h(δg)) = (
Duih(g)
Dg
· δg,
Dqih(g)
Dg
· δg)
fns~-lm[jYlr]g~vrTnIuv_s¥5lm[]_ﬂnspioy x d ¾{gi®lydfu-lmn x d®É#_~m_pBlmdfjwlv_,lv[_,«ÁnsifionY¦(dfp]/lv_K~v^q¥Ädfpe¨snsif¨s_ x dfp±lv[]_
~mdfs[Bl([jwp x uvd x _&ns«lm[]_&s_Kp]_~jwifdo¼K_ x bBlvnIµs_Ku(uvytulm_^q¥
(
D(unh ◦ χ
n
h(g))
Dg
)
· δg =
D(unh)
Dg
(χnh(g)) · δg +∇u
n
h(χ
n
h(g)) ·
D(χnh(g))
Du
·
(
D(unh)
Dg
)
· δg
>
Z
	
Â±_&~m_K{jsioiTlm[jYl
znh =
D(unh)
Dg
· δg
¥tlv[_pq¦3_-I_l
(
D(unh ◦ χ
n
h(g))
Dg
)
· δg = znh(δg) ◦ χ
n
h(g) +∇u
n
h(χ
n
h(g)) ·
(
(Dχnh(g))
Du
)
· znh (δg)
?s 	
Z [dfulm_~m^ dfpB¨Insif¨s_Hu¯lm[]_
x
_K~vdf¨YjYlvdf¨s_,ns«3lm[]_¾{[jw~js{lv_K~vdkulmdf{«Ánenwl¦(dolv[²~v_HuzrT_K{l&lvn/lv[_¾{nspe¨I_K{lmdonIp
¨I_ifnt{doly
½
_Ki
x
dfpqlv[]_
x
do~m_K{lvdfnspqnw«lm[]_ifdop]_Hjw~mdo¼K_
x
¨s_Kiont{d®ly
½
_i
x
·

_pŁ{_
x
_KrŁ_Kp
x
dfp]¾nIplm[]_h{[js~z­
jI{lm_~mdfuzlvdk{ujs{µBlm~mjI{µBdfp]¾r~vnt{_
x
g]~m_s¥#¦_^ﬂjªy<s_l
x
d®É#_~m_pBl
x
_~mdo¨Yjwlvdf¨s_$_|tr]~m_KumuzdfnspuK·&Z []dkudkumuzg]_
¦(dfifiÄŁ_&dfpe¨s_HulmdoBjYlv_
x
dfp/lv[]_uv_K¶Bg]_Ki?·
[ ﬃ> ﬃ>
L
B
A
Ë
 tBﬃ^
Ë
Ð³;B dc(
Ë
 ]¡;O5Y ]¡;OPB
AGF
£p/lm[]dfu(uvdf^$rio_{Kjsuv_s¥t¦_~m_K{Kjwifi#lv[jwl lv[]_{[js~mjI{lm_~mdfuzlvdk{ﬁ«Ánensl
χ(z)
dfu(jsr]r]~mnª|edf^ﬂjYlm_
x
ey/jifdfp]_s¥
χ(z) = x−∆t · z(x)
ùl(«ÁnIioifnY¦ﬁu_KjIuzdfioy¾lv[jwlK¥
Dχ
Dz
· δz = −∆t · δz(x)
Z [_p/¦3_&I_l
(
D(unh ◦ χ
n
h(g))
Dg
)
· δg = znh(δg) ◦ χ
n
h(g)−∆t · ∇u
n
h(χ
n
h(g)) · z
n
h(δg)
?s 	
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Â±_
½
pjsioify¾p]_K_ x lvnﬂuvnsif¨s_lv[_«ÁnIioifnY¦(dfp],iodfp]_Kjs~vdf¼_ x r~vnI]io_K^q¥


1
∆t
(zn+1h , vh) + ν
(
∇zn+1h ,∇vh
)
− (qn+1, div vh) =
1
∆t
[(znh (δg) ◦ χ
u,n
h (g), vh)−∆t · (∇u
n
h(χ
u,n
h (g)) · z
n
h(δg), vh)] , ∀vh ∈ Vh
(
div zn+1h , qh
)
= 0, ∀ q ∈ Qh
zn+1h = Πh
(
δgn+1
)
, Γs
zn+1 = 0, Γin
(z0h, vh) = (Πh(δu0), vh), ∀vh ∈ Vh

=
 	
Ë
 t<O
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∇unh(χ
u,n
h (g)
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χu,nh (g)
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guv_ x «ÁnI~ﬁlm[]_h}nsdkuv_g]dfioif_&´nY¦&·

_~m_s¥T¦_h{[]nIuv_-lvn/{nI^$rgtlv_hlv[]_iodfp]_Kjs~vdf¼_ x
I~mj x df_pBl3¦(dolv[
∆t = 0.05
nY¨s_K~
400
dolv_K~mjwlvdfnspuK· fdf·
Ç
=
sdf¨s_HuOlm[]_
½
~ul ns~ x _~ {nIpe¨s_~ms_Kp{_(ns«lm[]_
Ç
_­£s
Ç
_­£
X
· Is
Ç
]· s
Ç
]· 
Ç
·
Ç
Ç
Ç
_­ùI
Ç
_­£s
Ç
_­£
Z Ç
_­ùI
Ç
_­£
X
· Is
Ç
]· s
Ç
]· 
Ç
]·
Ç Ç
f.df~muzlﬁns~ x _K~ um{[]_K^$_
be_K{nsp x ns~ x _K~ um{[]_K^$_
δρ
J
(ρ
+
δρ
)
−
J
(ρ
)
δρ
−
∇
J
(ρ
)
f.dfsg]~m_
Ç
=
Æ)f.df~muzlnI~
x
_~hjsp
x
uz_H{nIp
x
ns~
x
_~¿jwI~mjsp]s_­£À-jsio_K~vµedfpum{[]_^,_jsr]r]ifdo_
x
lvn©lv[]_
x
~vdf¨s_Kp
{Kjª¨ed®ly,´nY¦ ­3À~mj
x
df_pBlﬁ{[]_K{µedfp]
½
p]d®lm__if_^,_KpIlﬁI~mj
x
df_pBl «Áns~ﬁTnwlm[
½
~muzlﬁns~
x
_~ﬁjsp
x
uz_H{nIp
x
ns~
x
_~(um{[]_^,_s·3Â_{Kjwp<uv__-lv[ŁjYl¯Tnwlm[
½
~muzl jsp
x
uv_K{nsp
x
ns~
x
_~ um{[]_^,_KuIionIjwifioy,rT_~v«Áns~m^ lv[]_-umjw^,_¦ jªys·

nY¦_¨I_~H¥s«ÁnI~
δρ ≥ 10−5
¥elv[]_
½
~muzlnI~
x
_~
½
p]d®lm_
x
d®É#_~m_pŁ{_
x
_~mdo¨Yjwlvdf¨s_¯Ido¨I_KujhT_lvlv_K~ﬁjwr]r]~mnª|tdo^ﬂjwlvdfnspﬂnw«lv[]_
x
_~mdf¨ªjwlvdf¨s_lv[jspdolmu
uv_K{nsp
x
ns~
x
_~-{nIg]pBlv_K~vrjs~zlH·Z []_KpÄ¥5«ÁnI~
δρ ≤ 10−5
¥Łnslv[²uv{[]_K^,_Ku-sdf¨s_${nIpuljwpBl-~v_Huzg]iol&¦(d®lm[±j
T_lvlv_K~jsr]r]~mnª|edf^ﬂjYlmdonIpq«Áns~ﬁlm[]_,uz_H{nsp
x
ns~
x
_~uv{[]_K^,_s·-3nI^,r]gtlvdfp]lv[]_~v_Kifjwlvdf¨s__K~v~mns~u(T_l¦__Kp
lm[]_
½
p]dolv_
x
d®É#_~m_p{_-s~j
x
df_pBlﬁjwp
x
lv[_&iodfp]_Kjs~vdf¼_
x
uzlmjwlv_-s~j
x
do_KpIl ¦_&s_l
∇Jdth −D J
dt
h
D Jdth
= 1.16× 10−5
«ÁnI~ lv[]_
½
~muzl(ns~
x
_~(jwp
x
∇Jdth −D J
dt
h
D Jdth
= 2.1× 10−6
«ÁnI~lv[]_,uz_H{nIp
x
nI~
x
_K~K¥T«Á~mns^ ¦([]dk{[©¦_$^,jªy{nsp{iog
x
_hlm[jYl-lm[]_
x
dfum{~m_lm_I~mj
x
do_KpBldku¯«Èjsdo~mify<¦3_Kioi
{ns^,r]gtlm_
x
· Z.jw]if_`ﬂsdf¨s_Hulv[]_{nIuzlﬁ«Ág]pŁ{lvdfnsp<¨Yjsiog]_jsp
x
dolmuﬁI~mj
x
df_pBl(¨ªjsiog_&«Áns~ﬁTnwlm[<ns~
x
_~(¦(dolv[
ρ = 1
¥tjwp
x
lv[]_nY¨s_K~mjsioiŁjwp
x
{[Łjw~js{lm_~mdfuzlvdk{uOrjYlm[¾lvdf^,_{ns^,r]gtljYlmdonIpÄ·.Z [_uv_K{nsp
x
nI~
x
_K~3um{[]_^,_
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fdfsg~v_
Ç
`ŁÆ
l2
pns~m^0nw«.lv[]_
x
~vdf¨s_Kp{jª¨edolyjYlﬁuzlv_Hj
x
yuzlmjwlv_
3nIuzl 3nIuzl¯À~mj
x
· ZnwlH·3jwik{w·EZ df^$_ 3[jw~H·§jwik{w·EZ df^$_
Ç
· 
Ç
 ]·
Ç<X2X
=
w`e
Ç Z'Z

Ç
Z.jwio_
=
ÆE(_«Á_~m_p{_uznIiog]lvdfnsp±Æ
½
~muzl(ns~
x
_~(¿.À um{[]_^,_
∆t = 0.001
~
x
_K~ 3nBul 3nIuzl I~mj
x
· ZnwlH·3jwik{w·EZ do^,_ 3[jw~H·§jwik{w·OZ df^$_
Ç
]· 
X

Ç
· sw` 
X

=
XtÇ

Ç
· 
Ç
=
t·
Ç
s
Ç<X
I
Z

X
Zjs]if_&`Æ f.do~ulﬁjsp
x
uz_H{nsp
x
nI~
x
_K~(¿À uv{[]_K^,_Ku {nI^$rŁjw~mdfuvnsp¦(d®lm[
rho = 1
jsp
x
∆t = 0.05
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Cavlin-01.desc
f.dfsg]~m_
Ç;X
Æ
l2
p]nI~v^0ns«lm[]_&ifdop]_Hjw~mdo¼K_
xx
~vdf¨s_Kp/{Kjª¨ed®lyjwlﬁulm_Kj
x
yuljYlm_
r~vn
x
g{_Ku,jŁ_lzlv_K~¾jwr]r~vnª|tdf^,jwlvdfnspns«¯lv[_/I~mj
x
df_pBl${ns^,rjw~m_
x
lvn±lv[]_
½
~ulﬂnI~
x
_K~$um{[]_K^$_I·
Z [dfu^ﬂjªy/T_$_|tr]ikjwdfp]_
x
By/lm[]_~m_ikjYlmdo¨I_ifyikjw~ms_hlvdf^,_$uzlv_Krguv_
x
«ÁnI~Tnwlm[um{[]_^,_HuhÆ
δρ
¥5¦([]_p
uv^ﬂjwifit_p]nIg]s[¥w«Èjwdfiku.lvn&dfpt´g]_Kp{_ lm[]_(lvnIrŁnIionIsy&ns«Łlm[]_ ´g]d
x
Ł_H{jsguz_ ns«Łlm[]_ﬁpeg]^,_~mdf{Kjwi
x
dkumuzdfrjYlmdonIp
dfp
x
gŁ{_
x
eyqlv[]_ﬂ{[]nIdf{_ns«§ikjw~ms_lvdf^$_ﬂuzlv_Kru· '3g]lK¥Ä¦([]_K~v_Hjsulv[dfu-dkup]nwlj/uzg]~mr]~mdfuv_«ÁnI~lv[]_
½
~ul
nI~
x
_~&uv{[_^,_s¥5lm[]_¾uv_K{nIp
x
nI~
x
_~&uv{[_^,_ﬂuz[]nIg]i
x
T_ﬂio_Huvu
x
d®É#guvdo¨I_s·,Â_¾uvg]Is_Kuzllv[]~m__,~m_KjsuvnspŁu
lm[jYl¯{nsg]i
x
_|tr]ikjwdfplm[]dfu(«Èjs{lÆ


Z []_<peg]^,_~mdf{Kjwi _~m~mns~u
x
n²p]nsljwifionY¦0lvn²~v_Hjs{[ºjInen
x
jwI~v_K_^,_pBl,¦(d®lm[ºlv[]_
x
dkuv{~v_lvdf¼_
x
s~j
x
df_pBlﬂ«ÁnI~
δρ
if_Kumu,lv[jsp
10−6
·UZ []dku¾¦ jsu¾jsio~m_Kj
x
ynIuz_K~v¨I_
x
«Áns~ﬂlm[]_}nsdkuv_g]dfioif_<´nY¦&·
Z [egu¥]lv[]_uv_K{nsp
x
ns~
x
_~(um{[]_^,_&{jsp]p]nsl(jI{[]df_¨s_«Ág]ifiÄrT_~v«Áns~m^,jsp{_I·


Z []_
x
_~mdo¨Yjwlvdf¨s_q{nspŁuzdkulm_p{y²¦jIuhrT_~v«Áns~m^,_
x
jI{{nI~
x
dop]©lvn±Łnslv[
½
~muzl,ns~
x
_~,jwp
x
uz_H{nIp
x
ns~
x
_~
x
_~mdo¨YjYlmdo¨I_ﬂ{nIuzl&«Ág]p{lvdfnspÄ·/Z []dku&^,_KjwpŁulv[jwllv[]_
½
~muzlns~
x
_~ È~v_Huzr·uz_H{nIp
x
nI~
x
_~
	
½
p]dolv_
x
doÉT_K~v_Kp{_
x
_K~vdf¨YjYlmdo¨I_¯dku({ns^,rjs~v_
x
lvnlv[_ifdfp]_Kjs~vdf¼_
xx
_K~vdf¨YjYlvdf¨s_{nI^$rgtlv_
x
¦(dolv[lv[]_
½
~ulﬁnI~
x
_K~Á~m_KuvrÄ·Euz_H{nsp
x
nI~
x
_K~ 	um{[]_^,_I·
ÓÓ ïg9h6i!j!k
X
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
+ ﬂ6(!#ﬂ 		 	
 +	27-
f.do~uzl~ x _K~(¿À
Z do^,_bBlv_Kr 3nBul 3nIuzl(s~j x ·
]·ã ]· w`B
Ç
· Is
]·
Ç
]·
Z
I
Ç
·
=
Ç
=
]· 
X
]· 
X

Ç
· ss`
]· 
Ç Ç
· Is t· s
Ç
be_H{nIp x ~ x _K~ﬁ¿À
Z do^,_bBlv_Kr 3nBul 3nIuzl(s~j x ·
]·ã
Ç
· 
ÇIÇ
t· 
Ç

]·
Ç Ç
· w`
=
t·ãws`
]· 
X Ç
· 
Ç
=
t·
Ç
I
]· 
Ç Ç
·
Ç;X
 t· s
Ç
Z.jwio_
X
Æ(3nBul¯«Ág]p{lmdonIp©jwp x {nIuzlﬁ«Ág]pŁ{lvdfnsp<I~mj x df_pBl(«Áns~¯lv[]_
½
~muzljsp x uz_H{nIp x ns~ x _~¿jwI~mjsp]s_­
À-jsio_K~vµedfp^,_lv[]n x


f]nI~Elv[]dkulm_KuzlK¥Ilv[]_ﬁ{[js~mjI{lm_~mdfuzlvdk{§rŁjYlv[ﬂ{ns^,r]gtljYlvdfnsp,¦ jsurT_~v«Áns~m^,_
x
guvdop]lm[]_¯uvg]t­£{yt{ifdop
js{µBlm~mjI{µBdfp](uzlv~jYlv_KsyI·Ãﬁp]ifdfµs_Elm[]_3j
x
jwrtljYlmdo¨I_Ejs{µBlv~js{µedfp]¥lv[]dku.jwifsns~mdolv[]^Å~v_H¶Igdo~m_Ku#lm[jYl
¦3_$r]~mnY¨ed
x
_$juvr]ifd®lvlvdfp]rŁjw~jw^,_lm_~lvn/nsg]~-{n
x
_I·Ãﬁpt«ÁnI~zlmg]pjYlm_ifys¥Tlv[_$nIrtlvdf^ﬂjwirjs~mjs^$_lv_K~
{jsp]p]nwl(T_{nI^$rgtlv_
x
j$r]~mdfns~mdÄjwp
x
d®lﬁ^ﬂjªy¾T_&_KjIuzdfify¾g]p
x
_K~(ns~(nY¨I_~m_Kuzlvdf^,jwlv_
x
·
Â±_uv[jwifi5p]nY¦
x
_¨s_KionIrlm[]_l¦3n,ikjsuzl(rŁnIdopBlmuK·
 
BÈYﬂ 
A
Ð³
Ë
¡
Ï
A
Ð
Ï
YÐ
Ë
¡
Ï
 c tBÈ
Ï
A
Z []_-ljw]if_
X
sdf¨s_Hulv[]_{nIuzl(jsp
x
{nBul «Ág]p{lvdfnsp<I~mjw­
x
do_KpIl3«Áns~3Łnslv[
½
~muzl3jwp
x
uz_H{nIp
x
ns~
x
_~¿ÀUum{[]_^,_HuO¦(dolv[uv_¨I_~jwi]lmdo^,_ulm_ruK·ù«Ä¦3_{nspŁuzd
x
_~§lv[]_
½
~muzlnI~
x
_~ ¿À um{[]_^,_¦(d®lm[
∆t = 0.001
ÈZ.jwÄ·
=
	3jIu§nIg]~ ~v_«Á_~m_p{_uvnsifgtlvdfnsp¥euv_¨I_~jwiŁ«Èjs{lmu^ﬂjªy
T_&nsg]lvifdop]_
x
Æ


Z []_
½
~muzlhns~
x
_K~¿jss~jwp]I_­À-jwif_~mµedop©um{[]_K^$_/uz_K_^ﬂu&lmn©{nIpe¨s_~ms_$lmnY¦js~
x
uhj<iodf^,d®lﬂjsulv[]_
lvdf^,_ulm_ru lm_p
x
u lvnY¦ jw~
x
¼K_~mn$jsp
x
lm[]_~m_«ÁnI~v_&uv__K^,u({nspuvdkulm_pBl(dop/lvdf^,_s·


Z []_uv_K{nsp
x
ns~
x
_K~h¿jss~jwp]I_­À-jwif_~mµBdfp¦(dolv[
∆t = 0.2
{nIuzl&«Ág]p{lmdonIpjwp
x
{nIuzl&«Ág]p{lvdfnsp
s~j
x
df_pBl(jw~m_jsio~m_Kj
x
y¾j$¨s_K~vyﬂInBn
x
jwr]r]~mnª|tdo^ﬂjwlvdfnspuvdfp{_-dol(jsio^,nBul(^ﬂjYl{[]_Ku3lv[_&~v_«Á_~m_p{_
½
~ulﬁnI~
x
_K~(¿Àum{[]_K^$_&¨Yjsiog]_Hu·


¯u
∆t
lv_Kp
x
u lmnY¦js~
x
¼_~mn¥Blm[]_uz_H{nIp
x
nI~
x
_~(¿À uv{[_^,_-Ł_K[jª¨s_Hu3_K~v~jYlmdf{KjwifioyI·
Z [_
½
~uzl_|erifjspjYlmdonIp{nIp{_K~vp]dfp]hlv[]_-ikjsuzlrTnsdfpBldkulv[jwl3«ÁnI~lv[]_-uz_H{nIp
x
nI~
x
_K~um{[]_K^$_I¥edopquznI^,_
lmdo^,_(uzlv_rŁu~jwps_s¥Hlm[]_({jw~js{lv_K~vdkulmdf{O«Á__l~m_KjI{[&lv[__
x
s_Huns«Tuvns^,_^$_Huz[_if_^,_pBlu¥sjIuÄlm[]_ peg]^hT_~
ns«§uzgulm_rudku
x
nsg]]if_
x
{ns^,rjs~v_
x
lvnlv[]_
½
~ulns~
x
_~uv{[_^,_s·

nY¦_¨I_~H¥]lm[]dfudku¯gp]iodfµs_KioyI¥5uzdfp{_
lm[]_¯{nIuzlE«Ág]p{lmdonIpﬂdfu§jwikuznuvg]t_H{lv_
x
lvnhjsp$df~m~v_Ksg]ikjw~T_[jª¨edfns~H·Z []_¯uv_K{nsp
x
_|erifjspjYlmdonIpdkuOjIuz_
x
grŁnIp,lv[]_{nsp
x
d®lmdonIpjwiŁuljw]dfiodoly$nw«5lv[_¯¿ÀUum{[]_^,_I·.u§uzlmjYlm_
x
T_«ÁnI~v_I¥I¦([]_Kpﬂdop_|]js{l§dopBlm_s~jYlmdonIp
ns«¯lm[]_~mdoI[Ilﬂ[jsp
x
uzd
x
_<dku,guz_
x
¥lv[]_¿jwI~mjsp]s_­£À-jsio_K~vµedfpuv{[]_K^,_quvgtÉ#_~u$«Á~vnI^ g]p{nsp
x
d®lmdonIpjwi
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X]Ç
be_H{nIp x ~ x _K~ﬁ¿À
l uzriodol
3nBul 3nIuzl I~mj x ·
X Ç
· 
Ç
 t· 
Ç<Z
Ç

Ç
· 
ÇIÇ
t· 
Ç

w
Ç
· 
Ç
 t· s
=
=

Ç
· 
Ç
 t· s
=
Z.jwio_(]ÆE3nIuzl«Ág]p{lmdonIpﬂjwp x d®luEs~j x do_KpIl.«Áns~lm[]_ﬁuv_K{nIp x ns~ x _~E¿jss~jwp]I_­À-jwif_~mµedop&^,_lm[]n x ¦(dolv[
¨Yjs~vdfnsgu uvr]ifd®lvlvdfp]ﬂrjw~jw^,_lv_~u
dfpuzlmjs]doifdolvdf_Ku&«ÁnI~huvns^,_¾uzrT_K{d
½
{ f¿³peg]^hT_~u&~jwp]I_ Èuv__ 
=2=
3«Áns~hdfpuzlmjsp{_ 	·q¯uhjq~m_Kuvg]iolK¥«Áns~
lm[]dku§~jwp]I_ﬁnw«E f.¿©peg]^hT_~u¥enBuv{doififjwlvdfnspu§^ﬂjªy$jsr]rŁ_Hjw~ jwp x r]~vn x gŁ{_¯peg]^,_K~vdk{jsirTnsifiogtlmdonIpdfpuvd x _
lm[]_{nI^,r]gtlmjwlvdfnsp/nw«lv[]_{nIuzl«Ágp{lmdonIpjwp x d®lu(s~j x do_KpIlH·
f.dfpjwififys¥tdol dku {nI^$^,nIp]ioy¾j x ^,d®lvlv_ x lm[jYl lv[_-¿.Àum{[]_^,_dfu pnwl _¾{df_pBl(¦([]_p/guvdop$uv^ﬂjwifiŁlmdo^,_
uzlv_Kru ?uz_K_   	Ouvdop{_ﬁpeg]^,_~mdf{Kjwi]_K~v~mns~uEjwrrŁ_Hjw~§¦([_p,lv[_{[js~mjI{lv_K~vdkuzlvdk{urjwlv[¾dkuElmnBnuz[]nI~zlH·.Z [dfu
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